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ABSTRACT
The e f f e c t  o f  an e x te r n a l ly  a p p l ie d  n o n -u n ifo rm  e l e c t r i c  f i e l d  
upon th e  r e l a t i v e  and c e n tre  o f  mass m otion o f  a d e u te ro n  i s  s tu d ie d .
The f i e l d ,  w hich changes th e  d eu te ro n  b in d in g  en erg y  and i n t e r n a l  
w av efu n c tio n , g iv e s  r i s e  to  an o p t i c a l  p o t e n t i a l  w hich d i s t o r t s  th e  
c e n tre  o f  mass m o tion . The o p t i c a l  p o t e n t i a l  d e r iv e d  u s in g  th e  Feshbach 
fo rm alism  i s  compared w ith  t h a t  o f  th e  PSS app roach . I t  i s  found to  
c o n ta in  c o r r e c t io n s  to  th e  Watanabe ( s tro n g  in t e r a c t io n )  p o t e n t i a l  and 
term s o f  p u re ly  Coulomb o r ig i n ,  The com ponents o f  which
com prise long  ran g e  c e n t r a l  and te n s o r  i n t e r a c t i o n s ,  a re  c a lc u la te d  
u s in g  a p e r tu r b a t io n  ex p an sio n . The s o lu t io n  o f  th e  S c h ro d in g e r  
e q u a t io n , when in c lu d in g  th e s e  p o t e n t i a l s  r e q u i r e s  new te c h n iq u e s  in  o rd e r  
to  m atch to  th e  a s y n ^ to t ic  s o lu t io n s  and hence d e r iv e  th e  s c a t t e r i n g  m a tr ix .
The im p lic a t io n s  o f  th e  te rm s in  o f  h ig h e r  o rd e r  th a n  th e
dom inant te rm s w hich go as R ^ and R upon th e  r e a c t io n  o b s e rv a b le s  in
low energ y  s c a t t e r in g  a re  in v e s t ig a t e d .  We a ls o  s tu d y ,  in  d e t a i l ,  th e  
-4s t r e n g th  o f  th e  R te rm , nam ely th e  e l e c t r i c  p o l a r i z a b i l i t y  o f  th e  
d e u te ro n . In  p a r t i c u l a r ,  we a n a ly se  th e  e x te n t  to  w hich i t  i s  s e n s i t i v e  
t o ,  and hence can be u sed  to  t e s t ,  model n -p  i n t e r a c t i o n s .
( i i )
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CHAPTER 1 - INTRODUCTION
When, in  1935, Bethe and P e i e r l s  w rote [Be 35] " I t  i s  o f  
p a r t i c u l a r  i n t e r e s t  to  s tu d y  th e  s im p le s t  n u c le a r  sy stem , t h a t  i s  th e  
d ip lo n  ( d e u te ro n ) , w hich a lm o st c e r t a i n l y  c o n s i s t s  o f  a  n e u tro n  and a 
p ro to n " , th e y  p ro b a b ly  d id  n o t  a n t i c ip a t e  t h a t  a lm ost 50 y e a rs  l a t e r  th e  
d e u te ro n  would s t i l l  be th e  o b je c t  o f  in te n s e  t h e o r e t i c a l  and e x p e rim e n ta l 
i n t e r e s t  to  n u c le a r  p h y s i c i s t s .
Though th e  s im p le s t  o f  th e  com posite  p a r t i c l e s  i t  i s  n o t  y e t
co m p le te ly  u n d e rs to o d  [Sp 75, Th 77, Fr 79, Am 8 1 ]. W hile some i n t r i n s i c
p r o p e r t i e s  o f  th e  i s o l a t e d  d e u te ro n , such as  th e  b in d in g  e n e rg y  ( c ^ ) ,
sp in  ( s = l ) , q u ad ru p o le  (Q^) and m ag n e tic  (y^) moments, r .m .s .  r a d iu s  
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(< r >) and e f f e c t i v e  ran g e  (p ( -E ^ ,-C j) )  a re  e x p e r im e n ta l ly  w e ll d e te rm in e d , 
o th e r s ,  e .g .  th e  r e l a t i v e  p r o b a b i l i t y  o f  i t s  S (Pg) and D(Pp) s t a t e s  and 
th e  a sy m p to tic  D to  S wave r a t i o  (y) have rem ained  e lu s iv e  [ s e e ,  e .g .  K1 81] 
T h is  e x p e rim e n ta l s i t u a t i o n  i s  r e f l e c t e d  in  th e  t h e o r e t i c a l  model 
in t e r a c t i o n s  a number o f  which e x i s t  g e n e r a l ly  re p ro d u c in g  th e  f i r s t
group o f  p r o p e r t i e s  w h ile  g iv in g  a wide ran g e  o f  v a lu e s  f o r  P^ and n*
In  p r i n c i p l e ,  more in fo rm a tio n  on th e  s t r u c t u r e  o f  th e  d e u te ro n  may 
be o b ta in e d  from  th e  s tu d y  o f  i t s  r e a c t io n  w ith  a t a r g e t  n u c le u s .  T hat 
th e  d e u te r o n - ta r g e t  i n t e r a c t io n  i s  s e n s i t i v e  to  d e t a i l s  o f  th e  d e u te ro n  wave 
fu n c tio n  i s  c l e a r l y  a p p a re n t ,  f o r  exam ple, from  th e  s im p le  fo ld in g  model 
[Wa 5 8 ] .
S in ce  th e  s p in  o f  th e  d e u te ro n  i s  1, s e v e ra l  q u a n t i t i e s  can be 
m easured in  a d e u te ro n  induced  r e a c t io n .  N e g le c tin g  th e  s p in  o f  th e  t a r g e t  
and th e  p o l a r i z a t i o n  o f  th e  o u tg o in g  beam, f iv e  q u a n t i t i e s  rem a in : th e  
c r o s s - s e c t io n  and th e  v e c to r  (iT ^^) and te n s o r  (T20 ' ^ 21 ' ^ 22  ^ a n a ly s in g  
powers [Ma 7 1 ]. The l a t t e r ,  how ever, o n ly  became f u l l y  a v a i l a b l e  w ith  
th e  ad v en t o f  p o la r iz e d  d eu te ro n  beams [Ha 6 7 ] . The advance in  so u rce  
te c h n o lo g y  in  r e c e n t  y e a rs  a ls o  r e s u l t e d  in  more in te n s e  beams and th u s
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in  more a c c u ra te  c r o s s - s e c t io n  m easurem ents. These f a c t s  have prom pted 
th e  r e p e t i t i o n  in  more fa v o u ra b le  c o n d i t io n s  o f  e a r ly  e x p e rim e n ts , which 
now p ro v id e  a more d e t a i l e d  p ro b in g  o f  th e  i n t e r a c t io n  betw een d eu te ro n  
and t a r g e t  -  nam ely  th e  e x is te n c e  and p r o p e r t i e s  o f  r a n k -2 t e n s o r  
p o t e n t i a l s ,  a s  d e f in e d  by ,S a tc h le r  [Sa 6 0 ] , can be t e s t e d  from th e
m easurement o f  th e  ra n k -2  o b s e rv a b le s  T2^ [Ho 71, Jo  7 7 ].
One p ro p e r ty  o f  th e  d e u te ro n  w hich h as  i n t e r e s t e d  p h y s i c i s t s  f o r  
30 y e a rs  [Ra 53, Sa 54, Do 55 , Le 57 , Cl 62, Ba 77] and h a s  r e c e n t ly  been 
th e  s u b je c t  o f  th e  f i r s t  e x p e r im e n ta l m easurem ent [Ro 82] i s  th e  
p o l a r i z a b i l i t y ,  a ,  d e f in e d  [Sc 68] a s  th e  r a t i o  betw een th e  d ip o le  moment 
induced  by an a d i a b a t i c a l l y  a p p l ie d  u n ifo rm  e l e c t r i c  f i e l d  and th e  f i e l d  
s t r e n g th .
A low en erg y  d e u te ro n  in c id e n t  upon a heavy n u c le u s  e x p e r ie n c e s  t h i s
p o l a r i z a b i l i t y  o r  s t r e t c h in g  e f f e c t  in  th e  e l e c t r i c  f i e l d  o f  th e  t a r g e t .
The change in d u ced  in  th e  m otion  o f  th e  n -p  p a i r  m o d if ie s  i t s  in t e r a c t io n
w ith  th e  t a r g e t  when compared to  t h a t  f o r  a  f r e e  d e u te ro n  [Dr 66 , Ba 77 ].
-4T h is change can  be  e x p re s se d  [To 79 , Go 82] as a sum o f  long  ra n g e  (R ) 
c e n t r a l  and r a n k -2 ( o f  th e  Tj  ^ ty p e )  te rm s in  th e  c.m . d eg ree  o f  freedom  
(^) o f  th e  in c id e n t  n u c le o n s . However, th e  n o n -u n ifo rm ity  o f  th e  t a r g e t  
f i e l d  g iv e s  r i s e ,  in  a d d i t io n ^ to  te rm s w ith  h ig h e r  pow ers o f  R , w hich 
have n o t been c o n s id e re d  in  th e  p re v io u s  s tu d ie s  o f  Coulomb s t r e t c h in g  
found in  th e  l i t e r a t u r e .
The s t r e n g th s  o f  th e  c e n t r a l  and T^ R ^ te rm s a re  p r o p o r t io n a l  to  th e  
c e n t r a l  and te n s o r  com ponents o f  th e  d e u te ro n  s t a t i c  p o l a r i z a b i l i t y  [Ba 7 7 ], 
which a re  d en o ted  and r e s p e c t iv e ly .  To d a te ,  and have been
d e te rm in ed  o n ly  a p p ro x im a te ly , th e  o b ta in e d  v a lu e s  f o r  ly in g  in  th e
3 3range 0 .2 1  fm 0 .6 4  fm .
The m easurem ent o f  r e c e n t ly  r e p o r te d  by Rodning e t  a l .  was
o b ta in e d  from  low en erg y  d e u te ro n  e l a s t i c  s c a t t e r i n g ,  by c o n s id e r in g  th e
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d e v ia tio n s  o f  th e  c r o s s - s e c t io n  from th e  R u th e rfo rd  fo rm u la  which can n o t 
be a t t r i b u t e d  to  n u c le a r  f o r c e s ,  vacuum p o la r i z a t i o n ,  a tom ic  s c re e n in g  
o r  r e l a t i v i s t i c  e f f e c t s ,  a s  d e r iv in g  s o le ly  from  a p o t e n t i a l  o f  th e  ty p e  
-&(Ze)^a^R A lthough th e  e r r o r  accom panying th e  e x t r a c te d  v a lu e  o f  
i s  s i g n i f i c a n t ,  th e  f a c t  t h a t  i t  l i e s  o u ts id e  th e  ran g e  o f  t h e o r e t i c a l l y  
c a lc u la te d  v a lu e s  p re v io u s ly  r e p o r te d  p o ses  s e v e ra l  im p o r ta n t q u e s tio n s :
a) a re  th e  h ig h e r  o rd e r  s t r e t c h in g  e f f e c t s  due to  th e  t a r g e t  f i e l d  o f  
a m agnitude such t h a t  th e y  a re  in tro d u c in g  an i n t r i n s i c  u n c e r t a in ty  
in  th e  e m p ir ic a l r e s u l t ?
b) do th e  ap p ro x im a tio n s  u sed  in  th e  p r e s e n t ly  e x i s t in g  c a l c u la t io n s  
in tro d u c e  any s i g n i f i c a n t  e r r o r  in  th e  o b ta in e d  v a lu e s  o f  a^?
c) to  what e x te n t  a re  t h e o r e t i c a l l y  c a lc u la te d  v a lu e s  dependen t upon th e  
model d e u te ro n  w av e fu n c tio n , and hence u sed , an d , th u s ,  can a 
measurem ent o f  be used  to  d i s t i n g u i s h  betw een a v a i la b l e  m odels
o f  th e  n -p  i n t e r a c t io n ?
The need  f o r  an a c c u ra te  e s t im a te  f o r  d e r iv e s  from  r e c e n t  s tu d ie s  
o f  low en erg y  (d ,p )  s t r i p p i n g  r e a c t io n s .  H ere , th e  c a lc u la te d  te n s o r  
a n a ly s in g  pow ers a re  p a r t i c u l a r l y  s e n s i t i v e  to  th e  d e u te ro n  D - s ta te  
component [Jo  67] and a l s o  to  th e  p re se n c e  o f  te n s o r  te rm s in  t h e ^ ta r g e t  
in t e r a c t io n  [De 6 9 ]. Thus, in  o rd e r  to  o b ta in  a c c u ra te  D - s ta te  
in fo rm a tio n  (ri) from th e  m easured Tg^, th e  te n s o r  fo r c e  e f f e c t s  a s s o c ia te d  
w ith  aj, m ust be r e l i a b l y  s u b t r a c te d  [To 79, Go 8 2 ]. Q u es tio n s  b) and c) 
above a re  a ls o  a p p l ic a b le  to  a^ .
I t  i s  to  th e s e  p o in t s  t h a t  we a d d re s s  o u rs e lv e s  in  t h i s  t h e s i s .
In  e s s e n c e , we want to  r e l a t e  th e  p o l a r i z a b i l i t y  w ith  th e  known p r o p e r t i e s  
o f  th e  n -p  i n t e r a c t io n  and to  i n v e s t i g a t e  th e  im p o rtan ce  o f  th e  h ig h e r  
o rd e r  e f f e c t s  o f  th e  Coulomb f i e l d ,  u s u a l ly  n e g le c te d  in  th e  t r e a tm e n t  o f  
d eu te ro n  s t r e t c h in g .
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CHAPTER 2 -  FORMAL THEORY
In t h i s  c h a p te r ,  we p r e s e n t  th e  fo rm alism  needed  f o r  th e  s o lu t io n  
o f  th e  S c h ro d in g e r  e q u a tio n  f o r  th e  s c a t t e r in g  o f  a low en erg y  d eu te ro n  
in c id e n t  upon a h eavy  n u c le u s .  P a r t i c u l a r  em phasis w i l l  be p la c e d  on 
th e  a c c u ra te  t r e a tm e n t  o f  th e  Coulomb in t e r a c t io n .
2 .1 . R eduction  o f  th e  Many-Body E q u a tio n
The s c a t t e r i n g  o f  a d e u t .  by an a r b i t r a r y  n u c le u s ,  o f  mass A and 
charge Z, i s  an in s o lu b le  A + 2 -  body prob lem . The f u l l  S ch ro d in g e r e q u a tio i 
f o r  th e  system  may, how ever, be red u ced  to  an e q u iv a le n t  3 -body e q u a tio n  in
which e f f e c t iv e  i n t e r a c t i o n s  c o n ta in  th e  f u l l  co m p lex ity  o f  th e  many-body
problem .
Assuming t h a t  th e  t a r g e t  i s  i n f i n i t e l y  m a ss iv e , th e  H am ilto n ian  f o r
th e  A + n + p system  i s  H = H. + K + K  + V + V . + V . ,  (2 .1 )
^ A n p np nA pA
where H^ i s  th e  i n t e r n a l  H am ilto n ian  o f  th e  t a r g e t ,  th e  n e u tro n
(p ro to n ) k i n e t i c  en e rg y  o p e r a to r  and V . . th e  i n t e r a c t i o n  betw een p a r t i c l e s  
i  and j .
The p r o je c t io n  o f  th e  S c h ro d in g e r  e q u a tio n  w hich d e s c r ib e s  a d e u te ro n  
in c id e n t  upon th e  n u c le u s  A,
(E - H) T (C ,n ,p )  = 0 . (2 .2 )
onto  th e  t a r g e t  ground s t a t e ,  n ^ ( ^ ) ,  assumed o f  ze ro  e n e rg y , can be  made 
u s in g  th e  Feshbach p r o je c to r  m ethod [Fe 58, Fe 5 8 a ]. T h is  g iv e s  an e q u a tio n  
f o r  th e  wave fu n c tio n  ^ (n ,p )  o f  th e  3 -body n + p + t a r g e t  system  [So 69]
(E -  -  Kp -  V^p -  .K n ,p ) = 0 , (2 .3 )
where
^ ~ 1 T > , (2 .4 )
th e  b r a  k e t  n o ta t io n  m eaning i n t e g r a t i o n  o v e r th e  i n t e r n a l  v a r i a b le s  o f  
th e  t a r g e t ,  Ç.
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i s  th e  e f f e c t iv e  2 n u c le o n -n u c le u s  i n t e r a c t i o n ,  th e  
d e te rm in a tio n  o f  w hich r e q u i r e s  know ledge o f  th e  com plete  s e t  o f  t a r g e t  
s t a t e s .
When p ro p e r  accoun t i s  ta k e n  o f  th e  i n d i s t i n g u i s h a b i l i t y  betw een 
th e  in c id e n t  n e u tro n  and p ro to n  and th e  t a r g e t  n u c le o n s , t h a t  i s  th e  P a u l i  
E x c lu s io n  P r in c i p le ,  th e  o ccup ied  s t a t e s  o f  th e  t a r g e t  become u n a v a i la b le  
to  th e  in c id e n t  n u c le o n s . The p a r t  o f  th e  t o t a l  w .f .  in  which th e  t a r g e t  
n u c leu s  rem ains in  i t s  ground s t a t e  sh o u ld  th e r e f o r e  be w r i t t e n
T (Ç ,n ,p )  = A ij; (n ,p )}  (2 .5 )
where th e  o p e ra to r  A a n tisy m m e tr iz e s  w ith  r e s p e c t  to  a l l  i d e n t i c a l  
n u c le o n s .
In  t h i s  c a s e ,  ap p ro x im a tin g  by a S l a t e r  d e te rm in a n t o f  s in g le  
p a r t i c l e  s t a t e s ,  th e  p o t e n t i a l  i s  th e  sum o f  th e  r e a l  n e u tro n  and p ro to n  
H artree -F o ck  p o t e n t i a l s  g e n e ra te d  by th e  o ccu p ied  s t a t e s  in  n^. In  
a d d i t io n ,  an e x t r a  term  a r i s e s ,  w hich o r ig i n a te s  from th e  f a c t  t h a t  we 
have a com posite  in c id e n t  p r o j e c t i l e  o r  c o r r e l a t e d  n -p  p a i r .  T h is  ta k e s  
th e  form  = Q V^p Q -  V^p , (2 .6 )
where th e  o p e ra to r  Q, which a c t s  on th e  in c id e n t  n e u tro n  and p ro to n  
c o o rd in a te s o n ly , p r o j e c t s  o f f  a l l  th e  s in g le  n u c leo n  s t a t e s  o ccu p ied  in
’Iq -
The e f f e c t s  in tro d u c e d  by a re  s i g n i f i c a n t  a t  in te rm e d ia te
2
d eu te ro n  k i n e t i c  e n e r g ie s ,  E^, t h a t  i s  Eg ^  E^ 100 MeV, where Eg = Ze /
(R^ + R^) i s  o f  th e  o rd e r  o f  th e  Coulomb b a r r i e r  [ lo  78, To 80 , Jo  8 2 ] . At 
th e s e  e n e r g ie s ,  th e  c e n tr e  o f  mass (c .m .)  w .f .  o f  th e  in c id e n t  d e u te ro n  
s t r o n g ly  o v e r la p s  w ith  th e  t a r g e t  d e n s i ty .  At th e  sub-Coulomb e n e rg ie s  
to  be c o n s id e re d  h e r e ,  th e  c l a s s i c a l  d is ta n c e  o f  c l o s e s t  ap p ro ach , q ^ , o f  
th e  d e u t . - t a r g e t  system , i s  g r e a t e r  th a n  th e  t a r g e t  r a d iu s *  and th e  d e u te ro n
C*) For ^ ^ ^ P b (d ,d ) , a t  Ed = 8MeV, q^ ^ 15 fm w h ile  Rpg -  8 fm.
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h as o n ly  sm all p r o b a b i l i t y  o f  p e n e t r a t in g  in to  th e  n u c le a r  i n t e r i o r .  
S ince  Q d e p a r ts  from  u n i ty  o n ly  in  th e  r e g io n  o f  n o n -z e ro  t a r g e t  
d e n s i ty ,  we can s a f e l y  n e g le c t  th e  e f f e c t s  due to
The dom inant a n tis y m m e tr iz a tio n  e f f e c t s  rem a in , how ever, in  
th rough  th e  exchange term s in  th e  H a rtre e -F o c k  p o t e n t i a l s ,  nam ely , th o se  
e f f e c t s  t h a t  a r i s e  f o r  th e  n u c le o n s  moving in d e p e n d e n tly  in  th e  f i e l d  o f  
th e  t a r g e t  n u c le u s .
In  th e  fo l lo w in g ,  w i l l  be app rox im ated  by  th e  sum o f  th e  n e u tro n
and p ro to n  o p t i c a l  p o t e n t i a l s ,  and V^, e v a lu a te d  a t  E ^ /2 . To a llo w
f o r  th e  p o s s i b i l i t y  o f  t a r g e t  e x c i t a t i o n ,  th e y  in c lu d e  im ag in a ry  p a r t s .  
In  t h i s  way, th e  m any-body a s p e c ts  o f  th e  problem  rem ain  o n ly  phenomeno- 
l o g i c a l l y ,  th ro u g h  and V^, in  e q u a tio n  ( 2 .3 ) .
Under th e  above c o n s id e r a t io n s ,  th e  3 -body  S ch ro d in g e r e q u a t io n , 
which w i l l  be th e  b a s i s  o f  th e  su b se q u en t a n a ly s i s  i s
-  Kn -  Kp -  Y» -  Vp -  V^p] (n ,p )  = 0 (2 .7 )
2 .2 .  The 3-Body E q u a tio n
F ig u re  2 .1  r e p r e s e n t s  th e  c o o rd in a te  system  to  be u se d .
Ig n o r in g  th e  d i f f e r e n c e  betw een th e  n e u tro n  and p ro to n  m a sses , th e
n -p  c .m ., R, and r e l a t i v e ,  r ,  c o o rd in a te s  a re  r e l a t e d  to  r  and r  by ^ p n
& = ( r  + /2  (2 . 8)
r  = r  -  r  (2 .9 )p n
The 3 -body H am ilto n ian , ï f i  , o f  e q u a tio n  (2 .7 )  can now be r e w r i t t e n  
in  term s o f  th e s e  c o o rd in a te s .  I t  i s  a l s o  c o n v e n ie n t to  b r in g  o u t 
e x p l i c i t l y  a t  t h i s  moment th e  Coulomb p o t e n t i a l  p roduced  by  th e  t a r g e t  
n u c le u s , w hich was so f a r  i m p l i c i t l y  c o n ta in e d  in  V^.
■ ^ ( r . t )  = H ^p(r) + H^(R) + V j , ( r , t )  + &V(r.%  (2 .1 0 )
—7—
F ig u re  2 .1  D e f in i t io n  o f  th e  c o o rd in a te  system
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where
%  = • (2 . 11) 
i s  th e  i n t e r n a l  H am ilto n ian  o f  th e  n -p  p a i r ,
"o  = %R + C2.12)
i s  th e  sum o f  th e  d e u te ro n  c.m . k i n e t i c  energy  and th e  u s u a l  Coulomb 
in te r a c t io n  assumed to  a c t  on th e  d e u te ro n  c e n tre  o f  m ass, and
(2 .1 3 )
i s  th e  sum o f  th e  n e u tro n  and p ro to n  o p t i c a l  p o t e n t i a l s .
The rem a in in g  te rm ,
AV = Vp^ ( |? / 2  + % |) -  (R) (2 .1 4 )
c o r r e c ts  f o r  th e  f a c t  t h a t  th e  p ro to n  i s  th e  c e n t r e  o f  c h a rg e .
The S c h ro d in g e r e q u a tio n  to  be so lv ed  th u s  becomes
(E -  -  H^p -  Vj, -  AV) * ( ? , t )  = 0 . (2 .1 5 )
The u s u a l  t r e a tm e n t  o f  d e u te ro n  s c a t t e r in g  c o rre sp o n d s  to  n e g le c t in g
th e  l a s t  te rm , AV, in  th e  above e q u a t io n . T h is  i s  a good a p p ro x im a tio n  a t
e n e rg ie s  above th e  Coulomb b a r r i e r ,  as th e  d e u te ro n  can th e n  p e n e t r a te  in
th e  t a r g e t  and th e  r e a c t io n  i s  dom inated  by  th e  n u c le a r  p o t e n t i a l  V^ .^
S ince we a re  i n t e r e s t e d  in  s c a t t e r i n g  a t  e n e rg ie s  below  th e  b a r r i e r ,  th e  
Coulomb p o t e n t i a l  sh o u ld  be t r e a t e d  a c c u r a te ly  and th e r e f o r e  we s h a l l  g iv e  
s p e c ia l  a t t e n t i o n  to  th e  e f f e c t s  o f  t h i s  te rm , AV.
In  th e  p re se n c e  o f  th e  p o t e n t i a l s  o f  e q u a tio n  ( 2 .1 5 ) ,  V^ + AV, th e r e  
a re  o n ly  two o u tg o in g  ch an n e ls  open to  th e  in c id e n t  d e u te ro n : th e  e l a s t i c  
and th e  b re a k -u p  c h a n n e ls . N e ith e r  o f  th e  p o t e n t i a l s  can s u p p o r t  bound 
s t a t e s ,  AV b eca u se  i t  i s  r e p u ls iv e  and V^ b eca u se  i t  h a s  an a b s o rp t iv e  
im ag inary  p a r t .  B oth c a n , how ever, d i s s o c i a t e  th e  d e u te ro n  and we have 
Coulomb b re a k -u p  in  a d d i t io n  to  th e  b re a k -u p  p roduced  by  th e  n u c le a r  f i e l d  
o f th e  t a r g e t  and s tu d ie d  by  s e v e ra l  a u th o rs  [Au 78, Ka 79, Ra 7 9 ]. The 
l a t t e r  can be n e g le c te d  a t  th e s e  sub-Coulomb e n e rg ie s  w here th e  p r o b a b i l i t y  
o f th e  d e u te ro n  tu n n e lin g  th rough  th e  b a r r i e r  and p e n e t r a t i n g  in to  th e
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n u c le a r  i n t e r i o r  i s  v e ry  s m a ll.
A s u i t a b l e  ex p an sio n  f o r  th e  3-body w av efu n c tio n  i s
il;(r,5 ) = (|)^Cr) Xq + /  die (}) (lc ,r)  xg (2 .1 6 )
which s e p a ra te s  th e  2 c h a n n e ls . The f i r s t  te rm  i s  th e  e l a s t i c  component 
(})^(r)(the d e u te ro n  ground s t a t e  w a v e fu n c tio n )
(-Ed -  * d A  = 0 (2 .1 7 )
and Xq Æ) d e s c r ib in g  th e  e l a s t i c  s c a t t e r i n g  o f  th e  d e u te ro n . The second 
term  i s  th e  b re a k -u p  com ponent c o n ta in in g  n -p  s c a t t e r i n g  s t a t e s ,  <})(k,r). I t s  
a sy m p to tic  b e h a v io u r i s  t h a t  o f  an o u tg o in g  wave.
As our o b je c t iv e  i s  t o  s tu d y  d e u te ro n  e l a s t i c  s c a t t e r i n g ,  we a re  
p r im a r i ly  in t e r e s t e d  in  th e  f i r s t  te rm  o f  e q u a tio n  (2 .1 6 )  and we s h a l l  u se  
th e  Feshbach method to  p r o j e c t  e q u a tio n  (2 .1 5 ) o n to  th e  d e u te ro n  ch an n e l.
In  doing t h i s ,  we s h a l l  n e g le c t  n u c le a r  b re a k -u p  and keep  in  mind t h a t  th e  
n o n - e la s t i c  component o f  c o n ta in s  o n ly  o u tg o in g  waves a t  i n f i n i t y .
2 .3 .  Formal d e r iv a t io n  o f  th e  o p t i c a l  p o t e n t i a l
In  th e  fo llo w in g , we s h a l l  u se  D ira c ’ s n o ta t io n  f o r  th e  s t a t e  
v e c to r s .  Namely, | \p > w i l l  r e p r e s e n t  a s t a t e  in  th e  com plete  space  R ,r ,  
though th e  b a s i s  u sed  f o r  th e  ^  d eg ree  o f  freedom  w i l l  n o t  alw ays be made 
e x p l i c i t .  I t  w i l l  som etim es p rove  c o n v e n ie n t to  d en o te  s t a t e s  d e f in e d  in  
th e  J  sp ace  o n ly , by round b r a c k e ts ,  f o r  exam ple | x ) •
With t h i s  n o ta t io n ,  e q u a tio n  (2 .1 6 ) can be w r i t t e n  in  th e  e q u iv a le n t
form
| i{;> = P | iJ)> + Q | i| ; > (2 .1 8 )
= 1 Xq ^ Q I ^ ^ (2 .1 9 )
where P and Q a re  th e  p r o je c to r  o p e r a to r s
P  =  I I ( 2 . 2 0 )
Q = 1 -  P (2 .2 1 )
and I Xq) = < I ^ > ( 2 . 2 2 )
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The Feshbach method [Fe 58, Fe 58a] c a r r i e d  o u t as  in  [Le 66 , Ja 70]
p ro v id e s  an e q u a tio n  f o r  P | >
[E -  P3tP -  PHQ GqCE"^) Q?tP] P I If > = 0  , (2 .2 3 )
where to  en su re  th e  r i g h t  a sy m p to tic  b e h a v io u r  o f  Q [ ip >
Gq(E*) = (E + i e  -  Q?EQ)"2 _ (2 .2 4 )
In  p a r t i c u l a r ,
P%P = C-Cj + H^) P + PVP , (2 .2 5 )
P%Q = PVQ , (2 .2 6 )
where ÿ = + AV . (2 .2 7 )
R ep lac in g  th e s e  e x p re s s io n s  in  e q u a tio n  (2 .2 3 ) ,  and ta k in g  th e  o v e r la p  
w ith  < # ^ |,  we o b ta in
I® " -  «0 -  I 0 . (2 .2 8 )
where | U | , (2 .2 9 )
and U = V + V Q Gq (E^) Q V . (2 .3 0 )
The in t e g r a t i o n  im p lie d  in  th e  d e f i n i t i o n  o f  th e  o p t i c a l  p o t e n t i a l  
^ o p t (e q u a tio n  ( 2 .2 9 ) ) ,  i s  in  r - s p a c e  o n ly , so V^^^ i s  s t i l l  an o p e ra to r  in  
sp ace . I t  d i s t o r t s  th e  m otion  o f  th e  d e u te ro n  from p u re  R u th e rfo rd  
s c a t t e r in g .
The p a r t i c u l a r  c o n d i t io n s  p r e v a i l in g  a t  sub-Coulomb e n e rg ie s  a llo w
U(Vopt) to  be w r i t t e n  in  an ap p ro x im ate  and s im p l i f ie d  form .
Use o f  th e  o p e ra to r  r e l a t i o n
i  = i  [1 + (B-A) (2.31)
and o f  th e  p r o p e r t i e s  o f  th e  p r o j e c to r  Q e n a b le s  us to  w r i te
U = V + V Q U , (2 .3 2 )
where th e  o p e ra to r  G^*^ i s
G^*) = (E+ -  H -  H )" 1  (2 .3 3 )o np
Upon e x p l i c i t l y  r e p la c in g  V by  i t s  v a lu e  (e q u a tio n  (2 .2 7 ) and 
in tro d u c in g  2 o p e ra to r s  d e f in e d  a s
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f i( - )  = [1 -  Q  ^ (2 .3 4 )
th e  e x p re s s io n  f o r  U becomes
U = AV + V^ (1 + Q G^^^U) . (2 .3 5 )
AV c o n ta in s  th e  Coulomb c o r r e c t io n  in  w hich we a re  i n t e r e s t e d .  On 
th e  o th e r  hand , V^ i s  th e  sum o f  th e  in c id e n t  n u c leo n s  -  t a r g e t  p o t e n t i a l s  
w hich, a t  th e s e  low e n e rg ie s ,  m ust have sm all e f f e c t s  as d is c u s s e d  in
NS e c tio n  2 .2 .  We s h a l l  th e r e f o r e  ad o p t a f i r s t  o rder t r e a tm e n t f o r  Vj
w h ile  t r e a t i n g  AV to  a l l  o rd e r s .  T h is  c o rre sp o n d s  to  ta k e  U = 0  ^ ^^AV on
th e  r i g h t  hand s id e  o f  e q u a tio n  ( 2 .3 5 ) .  Some sim p le  a lg e b r a ic  m a n ip u la tio n
th e n  c o n v e r ts  ^ ^ ^
U = AV + 0^") V^ (1 + Q G^*) AV) (2 .3 6 )
in to
U = AV / + o r / V '  . (2 .3 7 )
D e fin in g  a  s t a t e
I - ( - )  f+) ,I (j) > = o l - J  I > , ■ (2 .3 8 )
th e  o p t i c a l  p o t e n t i a l  f i n a l l y  becomes
I I j I '^0')
^ o p t =  I A V  I *  > :  +  <  ( f  I I , f  >  . (2 .3 9 )
The above d e f in e d  s t a t e  | ^ > can be g iv e n  a more c o n v e n ie n t form  f o r  
f u tu r e  c a l c u la t io n .  F i r s t l y  we n o te  t h a t  th e  o p e ra to r  can a ls o  be
w r i t t e n  a s
= 1 + Q G^*) AV (2 .4 0 )
and th u s
I Î  >  =  I >  +  Q  AV I 7  > . (2 .4 1 )
S econdly , a s  e q u a tio n  (2 .2 8 ) show s, th e  p o t e n t i a l  V^^^ i s  g o ing  to  a c t  on 
th e  s t a t e  | ) •  L et u s  th e r e f o r e  work o u t th e  p ro d u c t | # x^ >
I O'Xo > = I Xo > + Q AV I T x q  > . (2 .4 2 )
A c tin g  w ith  [G ]  ^ on e q u a tio n  (2 .4 2 ) g iv e s
(E"" -  -  " n p )  I ? X o  >  =  ( E +  +  C j  -  H ^ ) |  <|>_, >  +  Q  AV | Î  Xq  > ,
(2 .4 3 )
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where, on th e  r i g h t  hand s id e ,  a c t s  o n ly  upon | Xq ) and n o t  | >
and we have made u se  o f  th e  com m utation p r o p e r t i e s  o f  Q,
IQ, H^] = IQ, \ p ]  = 0  . ( 2 . 4 4 )
As d e s c r ib e d  b e fo r e ,  a t  sub-Coulomb e n e r g ie s ,  th e  p r o b a b i l i t y  o f  
th e  d e u te ro n  g e t t in g  c lo s e  to  th e  t a r g e t  i s  s m a ll .  At la rg e  d is ta n c e s  
from th e  n u c le u s ,  AV i s  s lo w ly  v a r i a n t  w ith  R. T h is  p o t e n t i a l  i s  th e  
r e s p o n s ib le  f o r  th e  e x is te n c e  o f  a s t a t e  | ^ > d i s t i n c t  from] >, as 
e q u a tio n s  (2 .3 4 ) ,  (2 .3 8 ) and (2 .4 1 ) show, and th e r e f o r e  i t  i s  re a s o n a b le  
to  e x p e c t th e  v a r i a t i o n  o f  such s t a t e  w ith  R to  be a l s o  slow . T h is  
induces us to  make th e  Bom -O ppenheim er [Ba 77] o r  a d ia b a t i c  [Te 66] 
ap p ro x im atio n . I t  c o n s i s t s  in  assum ing t h a t  th e  i n t e r n a l  m otion  o f  th e  
d eu te ro n  i s  much f a s t e r  th a n  th e  m otion  o f  i t s  c e n tr e  o f  m ass. We can 
th e r e f o r e  ta k e  th e  c e n tr e  o f  mass p o s i t i o n  R a s  a f ix e d  p a ra m e te r  and 
d e term in e  th e  changes in  th e  r e l a t i v e  w av efu n c tio n  a t  each  p o s i t i o n .  
M a th e m a tic a lly , i t  c o rre sp o n d s  to  n e g le c t  d e r iv a t iv e s  o f  th e  fu n c t io n  
$"(r,S) w ith  r e s p e c t  to  R o r , e q u iv a le n t ly ,  t h a t ,  in  j ^ x^ th e  
o p e ra to r  o n ly  a c t s  upon | Xq ) • | (|) > now depends p a r a m e t r i c a l ly  and
n o t d y n am ica lly  on %.
IT h is  ap p ro x im atio n  g iv e s  r i s e  to  a  new e q u a tio n  f o r  j ({> >
I  * > = I > + ( - E j  -  ■* Q AV 1 Î  > ( 2 . 4 5 )
and th e  u se  o f  r e l a t i o n  (2 .3 1 ) y ie ld s
I ?  >  =  I 4 ' d  >  +  Q  ( - E j  -  H ^ p ) ‘ ^  ( A V  -  V ^ p t )  I ?  >  .  ( 2 . 4 6 )
To t r e a t  V^ to  f i r s t  o rd e r ,  we m ust r e p la c e  by th e  f i r s t  term  o f
e q u a tio n  (2 .3 9 ) o n ly , o th e rw is e  h ig h e r  o rd e r  term s would be in t ro d u c e d  in  
Vopt th ro u g h  | # >. F in a l ly ,
I ?  > = I > + Q ( - E j  -  H ) (AV - < * j | A V | 0 > )  I T > .  ( 2 . 4 7 )  
E q u iv a le n t ly ,  e q u a tio n  (2 .4 7 ) can be w r i t t e n  a s  a d i f f e r e n t i a l  
e q u a tio n  to  be s a t i s f i e d  by  | # >
(E -  H^p -  AV) I ?  > = 0 , (2 .4 8  )
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where
e* = -  I AV I (|) > . (2 .49 )
T his shows t h a t  | AV | $"> r e p r e s e n t s  a change in  th e  d eu te ro n  
b in d in g  en e rg y  due to  th e  p o t e n t i a l  AV.
I f ,  as in  th e  u s u a l tr e a tm e n t o f  d e u te ro n  s c a t t e r i n g ,  AV i s  
n e g le c te d ,  e q u a tio n  (2 .4 7 ) re d u c e s  to
> = I ^d ^ (2 .50 )
and
% t  = < »d I I . (2 .5 1 )
which i s  th e  W&t&wabe fo ld e d  p o t e n t i a l  [Wa 58] o b ta in e d  by av era g in g  
th e  sum o f  th e  n u c leo n  o p t i c a l  p o t e n t i a l s  o v e r th e  d e u te ro n  in t e r n a l  
w av efu n c tio n .
^ o p t ’ d e f in e d  by  e q u a tio n  ( 2 .3 9 ) ,  th e r e f o r e  c o r r e c t s  th e  u su a l 
d eu te ro n  o p t i c a l  p o t e n t i a l  f o r  th e  b re a k -u p  e f f e c t s  due to  th e  Coulomb 
in t e r a c t i o n .
2 .4 .  C onnection  w ith  th e  P e r tu rb e d  S ta t io n a r y  S ta t e  Method
An a l t e r n a t i v e  approach  to  th e  s o lu t io n  o f  th e  3 body e q u a tio n  
[erj . (2 .1 5 ) ]  i s  v ia  th e  P e r tu rb e d  S ta t io n a r y  S ta t e  (PSS) m ethod, w hich 
can g iv e  a more c l e a r  p ic tu r e  o f  th e  ap p ro x im a tio n s  in v o lv e d  th a n  th e  
p re v io u s  more fo rm al t r e a tm e n t .  The r e s u l t s  o b ta in e d  w ith  th e  PSS 
fo rm alism  a r e  p a r t i c u l a r l y  s im p le  i f  th e  n u c le a r  i n t e r a c t i o n  V^ i s  
n e g le c te d  a l to g e th e r .  But to  f a c i l i t a t e  a d i r e c t  com parison  w ith  th e  
p re v io u s  s e c t io n ,  we s h a l l  keep V^ and a g a in  t r e a t  i t s  e f f e c t s  to  f i r s t  
o rd e r .
In  th e  PSS ap p ro ach , a com plete  s e t  o f  s t a t e s  | >, s o lu t io n s  o f
th e  e q u a tio n
[E^(R) -  -  AV(R)] i ^ = O , (2 .5 2 )
f o r  each v a lu e  o f  R, i s  u se d  as  a b a s is  in  w hich th e  3 body v e c to r
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1 if; > i s  expanded as
I Î  E I i -  $ > (2 .5 3 )i  i  1
S u b s t i t u t io n  o f  t h i s  e x p re s s io n  in to  e q u a tio n  (2 .1 5 ) g iv e s  an
i n f i n i t e  s e t  o f  co u p led  e q u a tio n s  to  be s a t i s f i e d  by  th e  c o e f f i c i e n t s
• In  th e s e  e q u a t io n s ,  th e  f i r s t  o rd e r  t r e a tm e n t o f  th e  i n t e r a c t io n
r e q u i r e s  t h a t  a l l  o f f -d ia g o n a l  m a tr ix  e lem en ts  < I | >
are  n e g le c te d  and th e  a d ia b a t i c  a p p ro x im a tio n , in tro d u c e d  in  th e  p re v io u s
s e c t io n ,  w hich n e g le c t s  d e r iv a t iv e s  o f  th e  w ith  r e s p e c t  to  R, f i n a l l y
removes th e  rem a in in g  c o u p lin g . The e q u a tio n  f o r  | x- ) i s  th e n
<$4 IVfjl !)>•> ^
[E -  -  «0  -  < f . | > ] i Xi ; = 0 (2 .5 4 )
A s y m p to tic a l ly ,  AV 0 , and e q u a tio n  (2 .5 2 ) becomes th e  e ig e n v a lu e  
eq u a tio n  f o r  th e  f r e e  n -p  sy stem . S in ce  we a re  i n t e r e s t e d  in  d e u te ro n  
s c a t t e r i n g ,  th e  in c id e n t  channe l can n o t in c lu d e  any n -p  s t a t e  o th e r  th a n  
th e  d e u te ro n  bound s t a t e  and s in c e  e q u a tio n  (2 .5 4 ) c a n n o t co u p le  Xj^  
w ith  d i f f e r e n t  i ,^ a l l  s t a t e s  c o rre sp o n d in g  to  th e  b re a k -u p  o f  th e  d e u te ro n  
a re  ex c lu d ed  from  o u r s o lu t io n .  T hat i s ,  th e  a d ia b a t i c  a p p ro x im a tio n  and 
th e  f i r s t  o rd e r  t r e a tm e n t  o f  V^ y ie ld  an ap p ro x im ate  3 body w av e fu n c tio n  
which c o n ta in s  o n ly  th e  e l a s t i c  channe l a s y m p to t ic a l ly .
T h e re fo re ,  o n ly  th e  s o lu t io n  o f  e q u a tio n  (2 .5 2 ) f o r  i  = 0
C^o -  %  -  AV) I $0 > = 0 (2 .5 5 )
i s  needed and i t  sh o u ld  be d e te rm in ed  s u b je c t  to  th e  boundary  c o n d i t io n s  
d is c u s se d  above, nam ely
^0 R:#. -  : I +0 > R Ï . I > - (2 .5 6 )
The o v e r la p  o f  e q u a tio n  (2 .5 5 ) w ith  | > im m ed ia te ly  g iv e s  a s
- O  =  -  C d  +
and r e p la c in g  t h i s  e x p re s s io n  in  e q u a tio n  ( 2 .5 4 ) ,  we o b ta in  f o r  i  = o
[ C  +  C d  -  " o  -  ( ' ! f f  v -  -  ]  I X o  )  =  0 .  ( 2 . 5 8 )
o ^ o '^ o
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which has a s t r u c t u r e  s im i la r  to  e q u a tio n  (2 ,2 8 ) f o r  Xq d e r iv e d  w ith in  
th e  Feshbach fo rm alism  in  s e c t io n  2 .3 .
However, th e s e  two e q u a tio n s  a re  n o t  i d e n t i c a l  b eca u se  th e  two 
approaches e n t a i l  d i s t i n c t  a p p ro x im a tio n s . The s t a t e s  | >,
though o rth o g o n a l to  | >, a re  o n ly  a s y m p to t ic a l ly  (when th e y  become
n -p  s c a t t e r in g  s t a t e s )  a l s o  o r th o g o n a l to  | 4^ T he | > c o n ta in
a I (j)^  > com ponent. H ence, when, in  e q u a tio n  (2 .5 4 ) ,  th e  o f f -d ia g o n a l  
m a trix  e lem en ts  ^ I  ^ ^ij^o ^  were n e g le c te d ,  th e y  c a r r i e d  w ith  
them term s o f  th e  form  < I  ^ ^d th e  o th e r  h and , th e  p ro c e d u re
fo llow ed  in  s e c t io n  2 .3  e n su re d  t h a t  a l l  c o n t r ib u t io n s  from  < | | >
were in c lu d e d  in  Vo p t
T h is  d i f f e r e n t  t r e a tm e n t co rre sp o n d s  to  a d i f f e r e n t  c h o ic e  f o r  th e  
decom position  o f  | ^ > w hich a l s o  m a n ife s ts  i t s e l f  in  a d i s t i n c t  p h y s ic a l  
meaning f o r  th e  q u a n t i t i e s  Xq (R) and Xq (^)* X ^ I I X q) = 
r e p r e s e n ts  th e  p r o b a b i l i t y  am p litu d e  o f  f in d in g  a d e u te ro n  a t  a c e r t a in  
c e n tre  o f  mass p o s i t i o n  i^, as  r e q u i r e d  by  th e  c o n v e n tio n a l d e f i n i t i o n  o f  
th e  o p t i c a l  p o t e n t i a l ,  b u t  Xq (R) IIXq) = i s  p r o p o r t io n a l
to  th e  p r o b a b i l i t y  am p litu d e  f o r  f in d in g  a "m o d ified "  d e u te ro n  (w av efu n c tio n  
$^) a t  R. Thus th e  p o t e n t i a l  d e f in e d  by  th e  c u r ly  b r a c k e ts  in  e q u a t io n  (2 .5 8 ) 
c o rresp o n d s  to  a d i f f e r e n t  d e f i n i t i o n  o f  th e  o p t i c a l  p o t e n t i a l  from  t h a t  
used  in  th e  Feshbach  fo rm u la tio n .
The t o t a l  in c lu s io n  o f  < | | <}>^ > in  in  th e  F eshbach
approach  shows t h i s  method to  be in  p r i n c i p l e  s u p e r io r .  I t  w i l l  th e r e f o r e  
be th e  s t a r t i n g  p o in t  f o r  f u tu r e  c a l c u la t io n s .
We s h a l l  u se  th e  p e r tu r b a t io n  th e o ry  o f  R a y le ig h -S c h ro d in g e r  [Go 64] 
and ta k e  AV as th e  p e r tu r b in g  p o t e n t i a l  o f  th e  o r ig i n a l  H a m ilto n ian  H^^, 
as has been  th e  ca se  in  p re v io u s  c a l c u la t io n s  [Ra 5 3 ] . The s t a t e s  | >
and I J  > c o in c id e  in  any o rd e r  o f  p e r tu r b a t io n .
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O m ittin g  th e  s u b s c r ip t  o_ and expanding  [Me 61]
E = Z , E° = -E^ (2 .59 )
k=o
I $ > s  ?  I >  ,  I A*° > = I > (2 .60 )
k=o
where < A^^ | = ^ko ' (2 .6 1 )
th e  k - th  o rd e r  c o r r e c t io n s  to  th e  energ y  and e ig e n v e c to rs  a r e  g iven  by 
E^ = < I AV I A$k-1 >  ^ (2 .6 2 )
I Aî^ > = Q G [ AV I A ^ f 'l  > -  Z E  ^ I A$k-i >] (2 .6 3 )
H ere,
"p  j= i
Q = Q ( -  (2 .6 4 )
and , as p r e v io u s ly ,  Q p r o j e c t s  o f f  th e  d e u te ro n  ground s t a t e .
The convergence o f  th e  p e r tu r b a t io n  s e r i e s  used  w i l l  be d is c u s s e d  in  
C hapter 3. However, i f  we r e p la c e  e q u a tio n s  (2 .62 ) and (2 .6 3 ) in to  
e q u a tio n s  (2 .5 9 ) ,  (2 .60 ) and fo rm a lly  c a r r y  o u t th e  sums to  i n f i n i t y ,  th e n
ë =  -  ^d +  < 4>d I I Î  ^ 3 (2 .65 )
I ^ ^ = I > + Q (AV -  < I AV I J > I ? > (2 . 66)
which a re  th e  same as th e  r e s u l t s  o f  s e c t io n  2 .3 . The e q u a t io n s  (2 .59 ) -  
(2.63) w i l l  th e r e f o r e  be th e  b a s i s  f o r  th e  c a l c u la t io n  o f  | ^  > and th e  
energy  s h i f t  e  +  e ^  in  th e  fo llo w in g  c h a p te r s .
E q u a tio n s  (2 .5 5 ) and (2 .58 ) show t h a t  th e  e l e c t r i c  f i e l d  o f  th e  t a r g e t  
deform s o r p o la r i z e s  th e  d e u te ro n  [ |4 ^  > ^ | > when AV 0] and t h a t
th e  r e s u l t i n g  change in  en e rg y  ( e + e^) i s  t r e a t e d  as  an a d d i t io n  to  th e  
d eu te ro n  c e n t r e  o f  mass s c a t t e r i n g  p o t e n t i a l .  I f  V^ had been  n e g le c te d ,  
th e  two m ethods d is c u s s e d  (Feshbach  and PSS) p lu s  th e  a d ia b a t i c  
ap p rox im ation  would p ro v id e  i d e n t i c a l  r e s u l t s .  In  t h i s  c a s e ,  th e  p o l a r i z a t i o n  
p o te n t i a l  would be th e  o n ly  so u rce  o f  d e v ia t io n  o f  th e  t r a j e c t o r y  o f  th e  
d eu te ro n  c e n tr e  o f  mass from  th e  o r ig i n a l  h y p e rb o la  fo llo w ed  in  p u re  
R u th e rfo rd  s c a t t e r i n g .
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CHAPTER 3 -  EVALUATION OF THE OPTICAL POTENTIAL 
I t  was shown in  th e  l a s t  C h ap te r t h a t  an a c c u ra te  t r e a tm e n t o f  th e  
Coulomb p o te n t i a l  in  d e u te ro n  e l a s t i c  s c a t t e r in g  a t  sub-Coulomb e n e rg ie s  
r e q u i r e s  th e  e v a lu a tio n  o f  th e  o p t i c a l  p o t e n t i a l  (e q u a tio n  ( 2 .3 9 ) ) .
% t  = < ♦d I AV I T  > + < î '  I I ?  > , (3 .1 )
where | (J> > i s  a d i s to r t e d  d e u te ro n  s t a t e  (e q u a tio n  (2 .4 7 ) )
I y >  = I > + Q  G^p (AV -  < I AV I T > )  I * '>  . (3 .2 )
The f i r s t  term  o f  V^p^ r e p r e s e n t s  an o p t i c a l  p o t e n t i a l  due e n t i r e l y  to
th e  Coulomb in t e r a c t i o n .  We s h a l l  d en o te  i t  V^^ in  th e  fo llo w in g . The
second te rm  i s  a fo ld e d  p o t e n t i a l  l i k e  W atanabe*s (e q u a tio n  ( 2 .5 1 ) ) ,  ^w at
where th e  d eu te ro n  w av efu n c tio n  i s  r e p la c e d  by th e  "m o d ified "  s t a t e  | (j) >.
The c o r r e c t io n  to  V.., ^ t h a t  . i t  c o n ta in sWat
M  %  I * '>  -  < I V^l f J  > (3 .3 )
h as  n e v e r  been c a lc u la te d  b e fo re .  An e s t im a te  o f  th e  m agnitude and e f f e c t s  
o f  V^ _p w i l l  be g iv en  in  S e c t io n  3 .6 ,  b u t  we s h a l l  p r im a r i ly  c o n c e n tra te  on 
o b ta in in g  an a c c u ra te  e v a lu a t io n  o f  V^^.
I ^I (}) > can n o t be c a lc u la te d  e x a c t ly  e x c e p t f o r  c e r t a in  p a r t i c u l a r l y  
s im p le  m odels. S in ce  i t  i s  go ing  to  be u sed  in  an o v e r la p  i n t e g r a l  w ith  
I > to  g iv e  V^^, s p e c ia l  c a re  m ust be p u t  on o b ta in in g  r e l i a b l e  v a lu e s  
f o r  i t  w ith in  th e  ran g e  o f  th e  d e u te ro n  w a v e fu n c tio n . In  a p e r tu r b a t iv e  
app roach , th e  v a lu e s  o f  | # > and V^^ = e in  any d e s i r e d  o rd e r  o f  
p e r tu r b a t io n  a re  g iv en  s im u lta n e o u s ly  by th e  c a l c u l a t i o n s ,  as  shown by  
e q u a tio n s  (2 .6 2 ) ,  (2 .6 3 ) .
To t h i s  p o in t ,  th e  s p in  d eg ree  o f  freedom  has been o m itte d . A lthough 
th e  d eu te ro n  ground s t a t e  i s  3 - f o ld  d e g e n e ra te  in  th e  s p in ,  i t  i s  s t i l l  
p o s s ib le  to  u se  th e  n o n -d e g e n e ra te  p e r tu r b a t io n  method o f  C h ap te r  2 by
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d e f in in g ,  a t  each c e n t r e  o f  mass p o s i t i o n  o f  th e  d e u te ro n , R, a lo c a l
-V
c o o rd in a te  system  w ith  z a x is  a lo n g  th e  d i r e c t io n  o f  R, in  which th e  
p e r tu r b a t iv e  p o t e n t i a l ,  AV, i s  d ia g o n a l in  th e  r e p r e s e n ta t io n  o f  
e ig e n s ta te s  o f  J ^ ,  J  b e in g  th e  d e u te ro n  t o t a l  a n g u la r  momentum. We 
s h a l l  see  n e x t w hich form th e  e q u a tio n s  f o r  | ^ > and ta k e  in  t h i s  
c a se .
B efore e n te r in g  in to  th e  d e t a i l s  o f  t h e i r  approx im ate  c a l c u la t io n ,  
i t  i s ,  how ever, u s e fu l  to  look  a t  a s im p le  m odel, th e  harm onic o s c i l l a t o r ,  
which can be  so lv e d  e x a c t ly  w ith o u t th e  a d d i t io n a l  c o m p lic a tio n  b ro u g h t 
ab o u t by th e  in c lu s io n  o f  s p in .
In  th e  rem a in d er o f  th e  C h a p te r , we s h a l l  u se  f o r  th e  m u lt ip o le  
expansion  o f  AV
■AV(r,t) = 2 (r ,R )  ( r .R )  , (3 .4 )
n=o
where P ^ (r.R ) a re  le g e n d re  p o ly n o m ia ls . The fu n c t io n a l  form  o f  th e  
c o e f f i c i e n t  v^ i s  d is c u s s e d  in  Appendix A.
3 .1 .  An e x a c t ly  s o lu b le  model
Let us c o n s id e r  a model in  w hich th e  d e u te ro n  w av efu n c tio n  i s  th e  
ground s t a t e  o f  a harm onic o s c i l l a t o r  p o t e n t i a l
u ^ (r )  = exp (-yw r^/2R ) , (3 .5 )
where y i s  th e  reduced  mass o f  th e  n -p  system  and w i s  chosen so as to
2 -rep ro d u ce  th e  d e u te ro n  ro o t  mean sq u a re  r a d iu s ,  < r  >  ^ = 3 .92  fm (hv7= 
8 .22  M ev).
Under t h i s  a ssu m p tio n , th e  P .S .S . e q u a tio n  (2 .5 5 )
I ë(R) - H^pC?) -  A V [r,R)] $ (r ,R )  = 0 (3 .6 )
can be so lv e d  a n a l y t i c a l l y  f o r  th e  f i r s t  two m u l tip o le s  o f  AV and r  < 2R.
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A1though o b ta in e d  w ith  a c rude  r e p r e s e n ta t io n  o f  th e  r e s u l t s
p ro v id e  an i n s ig h t  in to  th e  changes produced  by AV in  th e  d eu te ro n  ground 
s t a t e .  A lso  th e y  a llo w  an e s t im a te  o f  th e  convergence o f  th e  e f f e c t s  o f  
th e  m u lt ip o le  te rm s .
For r  < 2R, and assum ing th e  p o in t  ch arg e  l i m i t  f o r  th e  t a r g e t  
n u c le u s ,
AV(r,S) = Z f  (R) C -r)"  P ( ? . î )  , (3 .7 )
n= l
where
f^(R ) = Ze^/R X (2R)"^‘ . (3 .8 )
In  th e  P .S .S . app roach , R i s  t r e a t e d  as a p a ra m e te r , th e  f ix e d
p o s i t io n  o f  th e  n -p  c e n tre  o f  m ass. In  th e  fo llo w in g , th e  c a r t e s ia n
c o o rd in a te  sy stem  u sed  h as  th e  z -a x is  p a r a l l e l  to  R. T h is  ch o ice  i s
p a r t i c u l a r l y  u s e f u l  f o r  th e  s tu d y  o f  th e  q u ad ru p o le  te rm  o f  AV. Keeping
2 2o n ly  th e  n = 1 ,2  te rm s , e q u a tio n  (3 .6 )  can be s e p a ra te d  in to  (D^ = d /&q )
2 . .
'- [ - f jf  Dg + -  -^2^ -)  s^ ] (s= x ,y ) (3 .9 )
2
[ - | r  °z  " ( '  + ^2 ^ )  z2 -  ^  (R)z] . (3 .10 )
E q u a tio n  (3 .9 )  i s  s im ply  a one d im en sio n a l o s c i l l a t o r  w ith  a 
m o d ified  f re q u e n c y
w ' = w [1 -  f 2 (R )/(p w ^)]^  , (3 .1 1 )
and th e  H am ilto n ian  in  e q u a tio n  (3 .1 0 ) can a l s o  be w r i t t e n  as an e n e rg y  
s h i f t e d  o s c i l l a t o r ,  o f  fre q u e n c y  w^.
D + iw w '^z/ 2 _ fZ (R )/(2 q w '2 ) , (3 .1 2 )
-1 9 -
where
z" = z -  f^CR)/CpwJ^) , (3 .1 3 )
w' = w I 1 + 2 f^CRJ/Cpw^)]^ _ (3 .1 4 )
The t o t a l  v ravefunction  and en e rg y  a re  now
u ' ( r , t )  = N ' exp { -  ^  £w '(x^ + y^) + z '^ ]  } , (3 .1 5 )
E ' = n + R w '/2  -  f^ (R ) /(2 p w '^ )  . (3 .1 6 )
These fo rm u lae  show t h a t ,  in  th e  ca se  o f  th e  o s c i l l a t o r  m odel, due to  
th e  a c t io n  o f  th e  d ip o le  te rm , th e  ground s t a t e  w av efu n c tio n  rem a in s  
s p h e r ic a l  b u t  i s  s h i f t e d  in  th e  d i r e c t io n  o f  th e  f i e l d .  The q u ad ru p o le  
te rm , how ever, by in tro d u c in g  an a n is o tro p y  in  th e  f re q u e n c y  o f
o s c i l l a t i o n  fw = w < w ) ,  in d u c es  a d e fo rm a tio n  o f  th e  w a v e fu n c tio n . ^ X y z
The d e u te ro n  a c q u ire s  a  p r o l a t e  shape r e l a t i v e  to  th e  f i e l d  d i r e c t i o n  
z (E R ). However, as th e  changes in  th e  fre q u e n c y  a re  v e ry  sm a ll f o r  
r e a l i s t i c  v a lu e s  o f  Z,R ( f o r  exam ple, f o r  Z = 82, w^ = 1.26w f o r  R = 5fin 
and w^ = 1.04w f o r  R = lO fm ), th e  d e fo rm a tio n  i s  h a rd ly  n o t i c e a b l e .
Both m u l t ip o le s  g iv e  r i s e  to  changes in  th e  ground s t a t e  e n e rg y .
The t o t a l  en erg y  s h i f t .
AE^ = -  3hw/2 (3 .1 7 )
i s  a Ej  = -  £ j(R )/(2 p w ^ )
o r
= -  I (Ze)2 R ^ (3 .1 8 )
, f  (R) , f , ( R )  1 T
^E = Rw J ( 1 -----------------+ (i + ----- 2 )  ^ " y  ^
yw 2Ww
z f 2 CR) 2 ^2 3 3
-  | h w  I -  C - ^ ^ )  + -2 ( - ^ - ^ )  + h .o . ]  (Z/R <<1) (3 .1 9 )
yw yw
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when o n ly  th e  d ip o le  o r  q u ad ru p o le  term  i s  p r e s e n t .  In  th e  g e n e ra l 
c a s e ,  th e  e n e rg ie s  a r e  n o t s im p ly  a d d i t iv e  and
= ^ ^ 2  ■ fiCR)/C2Pw^^) (3 .2 0 )
In  e q u a tio n  (3 .1 8 ) we have in tro d u c e d , f o r  com parison  w ith  o th e r  
m odels, th e  d e u te ro n  p o l a r i z a b i l i t y ,  a^ . Our v a lu e
a = e^ /(4yw ^) = 0 .4 5  fm^ (3 .2 1 )
i s  in  re a s o n a b le  ag reem ent (= 25%) w ith  th o se  o b ta in e d  in  p re v io u s  
c a l c u la t io n s  [Ra 53 , Do 55, Cl 62, Ba 7 7 ].
N u m e ric a lly , th e  en e rg y  s h i f t s  a re
AE  ^ = -  0 .3 2  Z^R'^ Mev (R in  fm) , (3 .2 2 )
AE  ^ -  -  0 .6 0  Z^R"^ + 0 .1 3  z \ ' ^  Mev (R in  fm) , (3 .2 3 )
AE^^2 = AE  ^ + AE  ^ + 0 .2 9  ;Z^R"^ Mev (R in  fm) . (3 .2 4 )
N e g le c tin g  th e  second term  in  ^ ^ 2 *
AE^/AE^ = 1 .9  R"2 , (3 .2 5 )
showing th a t  th e  r e l a t i v e  m agn itudes o f  th e  q u ad ru p o le  and d ip o le  e f f e c t s  
a re  e s s e n t i a l l y  d e te rm in ed  by th e  pow ers o f  R  ^ o f  th e  m u l t ip o le  o rd e r .  
However, th e  c r o s s  term  in  AE^^2 i s  an im p o r ta n t consequence o f  th e  
in c lu s io n  o f  th e  q u ad ru p o le  te rm .
C onclud ing , w ith in  th e  harm onic o s c i l l a t o r  m odel, i t  a p p e a rs  re a s o n a b le  
to  n e g le c t  h ig h e r  o rd e r  te rm s in  th e  ex p an sio n  o f  AV -  such  te rm s would 
in v o lv e  y e t  h ig h e r  pow ers o f  R
3 .2 .  F o rm u la tio n  w ith  sp in
We d e f in e  th e  o p e ra to r  o f  t o t a l  a n g u la r  momentum o f  th e  n -p  sy stem .
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J  = L + S, where L i s  th e  r e l a t i v e  o r b i t a l  a n g u la r momentum.
L = - i r  A V-> and ^  ^  + J  th e  sum o f  th e  n e u tro n  and p ro to n  s p in s ,r  n p sr r
and r e p r e s e n t  th e  d e u te ro n  s t a t e  f o r  which M i s  th e  e ig e n v a lu e  o f  th e  
p r o je c t io n  o f  J  a lo n g  an a r b i t r a r y  z a x is  by | c()^ , z >.
1 z > i s  o b v io u s ly  a ls o  an e ig e n s ta te  o f  (e ig e n v a lu e  -  c^)
2
and J  (e ig e n v a lu e  J ^ ( J ^  + 1 ) ;  J ^ = l ) .
Taking in to  acc o u n t t h a t  th e  d e u te ro n  ground s t a t e  i s  an adm ix tu re  
o f  and s t a t e s  ( in  th e  u s u a l s p e c tro s c o p ic  n o ta t io n  an
a l t e r n a t i v e  way o f  r e p r e s e n t in g  | , z > i s ,  in  th e  n o ta t io n  o f  [Jo  7 7 ] ,
I (}) , z > = E |i^ u  , (L I) J  M ; z > (3 .2 6 )
L=o,2
where th e  Ket on th e  r i g h t  hand s id e  o f  th e  e q u a tio n  i s  a l s o  an e ig e n s t a t e  
o f  \ }  and S^.
In  c o n f ig u r a t io n  sp a c e , t h i s  re a d s
< r , C I > = E ( r )  (r ,G ) , (3 .2 7 )
^  L=o,2 ^ ■ 1 -^^
where
y J  Z <LXlo I JjM > : (3 .2 8 )
1 Act
th e  C lebsch-G ordon c o e f f i c i e n t  and s p h e r ic a l  harm onic a re  d e f in e d  as  by 
B rink and S a tc h le r  [Br 62] and i s  an e ig e n fu n c tio n  o f  th e  t o t a l
i n t r i n s i c  n -p  s p in .
To in v e s t ig a t e  how t h i s  new n o ta t io n  t r a n s l a t e s  in t o  th e . m o d ifie d  
d eu te ro n  s t a t e s  | # > , we go back to  t h e i r  d e f i n i t i o n ,  e q u a tio n  ( 2 .3 8 ) ,
I 4> >  =  I c j i j  >
= (1 -  + Q AV)-1 I > . (3 .29)
:  - » o - %
and w r i te  fo rm a lly
I I i  > .  ( 3 - 3 0 )
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But as ^ o and J^ ] o , | (j)^ ,^ 2 > i s  n o t
2
g e n e r a l ly  an e ig e n s t a te  o f  J  o r  and th e  la b e l  M i s  n o t  a t r u e  quantum
num ber, o n ly  in d ic a t in g  th e  o p e r a t io n a l  r e l a t i o n  e x p re s se d  by e q u a tio n  (3 .3 0 )
However, th e  p o t e n t i a l  AV (and hence 0 ^*^) commutes w ith  th e  
o p e ra to r  J .R . So, i f  we choose a c o o rd in a te  system  w ith  z a x is  a long  R,
^  ■ A,
deno ted  by  {R}, th e n  | 41 , R > becomes an e ig e n s t a te  o f  J .R ,  i . e .
J .R  I 4^ ,  R >=M I R > . (3 .3 1 )
I t  re m a in s , how ever, an adm ix tu re  o f  s t a t e s  w ith  d i f f e r e n t  v a lu e s  o f  t o t a l  
a n g u la r  momentum J .
The a d ia b a t i c  and su b se q u en t a p p ro x im a tio n  in tro d u c e d  in  | cj) > in  
C h ap te r 2 do n o t a l t e r  t h i s  p r o p e r ty .  M oreover, we n o te  t h a t  o n ly  e n te r s  
i n  th e  d e f in i t i o n  o f  | <}> >, and in  t h i s  system  o f  r e f e r e n c e
^^oC^MM' " ^   ^ (3 .3 2 )
b ecau se  th e  p o t e n t i a l  AV becomes
AV(r,R) = Æ T  Z v ^ ( r ,R )  Y° ( r )  /  n . (3 .3 3 )
n=o
1
[we d e f in e  s t a t  n  = n = (2n + l)^  Î
and th e r e f o r e  can n o t coup le  s t a t e s  w ith  d i f f e r e n t  v a lu e s  o f  M.
H en ce ,th e  a n a ly s i s  o f  S e c t io n  2 .3  fo llo w in g  e q u a tio n  (2 .3 8 ) can be 
c a r r i e d  o u t w ith  an e x p l i c i t  in d e x  M l a b e l l i n g  th e  s t a t e s  and th e  
f i n a l  r e s u l t  co rre sp o n d in g  to  e q u a tio n  (3 .2 )  i s
I 4^, R > = I 4%, R > + Q (AV - E^) I R > (3 .3 4 )
S im i la r ly ,  e q u a tio n s  (2 .5 9 ) -  (2 .6 3 ) rem ain  a p p l ic a b le  in  t h i s  
c o o rd in a te  system  w ith  an index  M l a b e l l i n g  b o th  th e  s t a t e s  and e .
I t  i s  t h i s  p a r t i c u l a r i z a t i o n  o f  th e  a n a ly s i s  to  a d e f i n i t e  e ig e n s t a te  
o f  J .R  th a t  makes th e  u se  o f  n o n -d e g e n e ra te  p e r tu r b a t io n  th e o ry  p o s s ib le
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in  s p i t e  o f  th e  d eg en e racy  o f  th e  d e u te ro n  ground s t a t e .
E qua tion  (2 .38 ) can a l s o  be  u sed  t o  r e l a t e  th e  m o d if ied  s t a t e s  
I ÿ  > when r e f e r r e d  to  two d i f f e r e n t  c o o r d in a te  system s by a p p l i c a t i o n  
o f  th e  n o t a t i o n  p r o p e r t i e s  o f  t h e  d e u te ro n  ground s t a t e .  I f  one o f  th e  
frames i s  {IR}, then
I / V  /V  A .I z  >  =  0  I z  >  
=  Z 2 ) ^  CR‘ b  I 4 , R >
M'
= Z  S  (R‘ b  I 4 , R > , (3 .35 )
M" M"M M"
ppd 2 2
where th e  r o t a t i o n  m a t r ic e s  J )  (R = Y ,-G ,-^)  a re  d e f in e d  a c c o rd in g  to  th e  
conven tion  o f  [Br 6 2 ] .  (6,40 a re  th e  p o l a r  a n g le s  o f  t h e  d i r e c t i o n  R
r e f e r r e d  t o  th e  g e n e ra l  system  and y  i s  an a r b i t r a r y  a n g le .
E qua tion  (3 .35 )  does n o t  c o r re s p o n d ,  however, to  a r o t a t i o n  o f  th e
. ^
s t a t e  I R > i n t o  a n o th e r  system  o f  r e f e r e n c e ,  s i n c e ,  as  e a r l i e r
I  ^ 2p o in te d  o u t ,  | R > i s  n o t  an e i g e n s t a t e  o f  J  .
With t h e  n o t a t i o n  o^ e q u a t io n  ( 3 .2 6 ) ,
I R Z (LI) JM ; R > . (3 .36 )
and in  c o n f ig u r a t i o n  space
< ? ,  Ç I L ,  R > = Z ( r ,R )  m “  C;,E) (3 .3 7 )
JL JLM
The t r a n s f o r m a t io n  p r o p e r t i e s  o f  th e  d eu te ro n  w avefunc t ion  u n d e r  tim e 
r e v e r s a l  and th e  in v a r i a n c e  o f  u n d e r  th e  same o p e r a t io n  g iv e  f o r  th e
r a d i a l  f u n c t io n  u^2j  ^ t h e  fo l lo w in g  symmetry p r o p e r ty  (Appendix B)
" jL -M (r.R ) = ( - ) 'L -h ^ L  ( r ,R )  . (3 .3 8 )
Hence th e s e  f u n c t io n s  o n ly  have to  be c a l c u l a t e d  f o r  M=0,1.
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3 .3 .  E v a lu a t io n  o f  th e  r a d i a l  f u n c t io n s  Uj^^^Çr,R)
E quation  (3 .3 4 )  t o g e th e r  w ith  t h e  p e r t u r b a t i o n  e q u a t io n  (2 .63) 
show t h a t  we need to  c a l c u l a t e
|AfP,R> = Q l A V |A f , - L ,R > - ^ ^  ^  | 6? P '^ R > ]  p> l (3 .39)
Being c l e a r  t h a t  we a re  working i n  th e  {R }coo rd ina te  system we s h a l l  
om it th e  l a b e l  R i n  th e  fo l lo w in g  a n a l y s i s .
I n s te a d  o f  s o lv in g  th e  i n t e g r a l  e q u a t io n  ( 3 .3 9 ) ,  i n  p r a c t i c e  i t  
p roves  more c o n v e n ie n t  t o  so lv e  i n  th e  d i f f e r e n t i a l  form
'  (3-40)
w ith  th e  a p p r o p r i a t e  boundary  c o n d i t io n
< I > = 0 (3 .41)
For we choose a r a n k -2 s e p a r a b le  i n t e r a c t i o n  (Appendix C ) : in  th e  
d eu te ro n  channe l t h a t  i s  P i e p e r ' s  3SD1B p o t e n t i a l  [P i 7 4 ] ,  w hich, a t  low 
e n e r g i e s ,  y i e l d s  c o r r e c t l y  th e  R e id ’ s s o f t  co re  w av efu n c t io n  [Re 68] ;  i n
th e  o th e r  ch an n e ls  we u se  Mongan's (ca se  I and I I )  p o t e n t i a l s  [Mo 68 , Mo 6 9 ] ,
which c o r r e c t l y  rep ro d u ce  th e  e x p e r im e n ta l  p h ase  s h i f t s .  AV i s  expanded i n
m u l t ip o l e s  as  d e s c r ib e d  b e fo re  (e q u a t io n  ( 3 . 4 ) ) .  A c ting  on e q u a t io n  (3 .40 )  . 
w ith  < K, (LI) JM I , d e f in e d  [Jo 77] such  t h a t
< r ,  5 I k .  (Ll)JM > = / 2 7 7  jj^(k r)  ( ^ ,Ç ) ,
where j^ ^ k r )  i s  t h e  s p h e r i c a l  B esse l  f u n c t io n  o f  o rd e r  L , and making u se  o f
e q u a t io n  ( 3 . 3 6 ) , we then  o b ta in  an e x p re s s io n  f o r  i n  momentum space
(-^d-V AUjlM (k.R) (kl N^P (R) H. (k.R) -
-  \  4  '"“j M  (k .R) . (3 .42 )
Here A and f"^^ a r e  as  d e f in e d  in  Appendix C and tt = ( -1 )^  i s  a p a r i t y  index  
0  0  TT
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to  be used as an a l t e r n a t i v e  t o  L where sums in  L in v o lv in g  o n ly  v a lu e s
2 2o f  th e  same p a r i t y  have been perfo rm ed . A lso ,  = fi k /  ( 2 ^ ,
(R) = E / "  dk k^ fLL (R) AuP (k,R) , (3.43)
L- o ' JL'M
Ck,R) = i " ^  Z < k,CLl)JM|AVl‘'ATjP'  ^ , CL"1) JIM > = 
j ' l '  J 'L 'M
= Z / 8 / n  BCJLJ"L"Mn) / “  d r  r^  j ^ ( k r ) v ^ ( r , R) 
n j " L -
k Au^"^  ( r ,R ) ,  (3 .44)
J"L'"M
and
3 (JLJ"L'Mn) = i ^  (LI) JM | Y° | ( L ' l )  J"M >
= ( - 1 ) ^  ^ L'"j'*n < noL^o | Lo > < noJHM | JM >
y V ( n L ^ J l ,U ’' ) / / i ¥  (3 .45)
In  th e  above W(nL"’j l , L J ^ ‘) i s  th e  Racah W -func t ion .
. The f u n c t i o n  Au i n  c o n f ig u r a t io n  sp ace  i s  th e  F o u r ie r  t r a n s fo rm  o f  
e q u a t io n  ( 3 .4 2 ) ,  nam ely
00 ^
AuPjj^ (r ,R ) = /2 7 7  /  dk k^ (kr) AyP^j  ^ (k,R) (3 .46)
o r
AuP^„ (r ,R ) = Æ 77  {  2 A, N ^ P  (R) (r)  + 0 ? ^ ,  (r .R ) -
t - 1 , 2
-  \  > (3 .47 )
q=l
where
00
A^L(r) = /  dk k"‘/ ( - E ^ - E p  (k) jj^(kr) , (3 .48)
which i s  c a l c u l a t e d  a n a l y t i c a l l y  as d e s c r ib e d  in  Appendix D,
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= E / 8/ n  3 (JL j"L % n) / ”  d r " r " ^  v Cr",R) 
n j 'L "  °
X AijP"^ Cr",R) gy C r" ,r )  , (3 .49)
^JLM ( f 'R j  = /  d r "  r " ^  ( r " ,R )  g ^ ( r " , r )  , (3 .50 ),p-q
and g j^ ( r " , r )  i s  t h e  f r e e  p a r t i c l e  p a r t i a l  wave G reen’ s f u n c t io n  
g L ( r " , r )  = /  dk (k r  ") jj^(kr) /  (-E^-E^) =
= -iTTYu/h ^ (iYT<) h^^) (iYZ>) ( r ^ ( r ^ )  g r e a t e r
( l e s s e r )  o f  r , r  ) , (3 .51 )
h^*^ b e in g  th e  h an k e l  f u n c t io n  o f  f i r s t  k in d  as  d e f in e d  by M essiah [Me 61] 
and Y = / 2u c^ /h ^  th e  d eu te ro n  wave number .
In  z e r o - t h  o r d e r ,  Au° i s  th e  u n p e r tu rb e d  d e u te ro n  w av e fu n c t io n ,  i . e .
^^JLM ^ *^^ Lo ^L2^ * (3 .52 )
T h is  y i e l d s  a s i m p l i f i e d  e x p re s s io n  f o r  X°, which can th e n  be  c a l c u l a t e d  
a n a l y t i c a l l y  (Appendix D ),
' l  IK rJ  " g l K J  '  l - C d - L k J O j J ^  l * L o  '>L2
(3 .53 )
<LM (k r)  u , ( k )  /  ( - e ^ - E , ) r f j  ( d ,„  +
o  1
The d e f i n i t i o n  o f  th e  energy  c o r r e c t i o n s
=  <  t w  I  I  > , (3 .54 )
g iv e s  f o r  c^  th e  e x p l i c i t  e x p re s s io n
_  o
P -  V y JT Z t-n  c r T 0 TT Mr,"\ r a-r*
,2
6uP-L ( r ) .  (3 .55 )
z j  = I  E Æ / n  3 (J, UL n) /  d r  r  u„ (r )  v ( r ,R )  
M A=o,  JLn o & "
“ “JLM
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The e v a lu a t io n  o f  th e  p - t h  o r d e r  energy  c o r r e c t io n  t h e r e f o r e  r e q u i r e s  
th e  knowledge o f  th e  ( p - l ) - t h  c o r r e c t i o n  to  th e  w a v e fu n c t io n .  The 
symmetry p r o p e r t y  ( e q u a t io n  (3 .3 8 ) )  o f  th e  fu n c t io n s  Au y i e l d s  the  
r e l a t i o n
. (3 .56 )
The o n ly  unknown in  e q u a t io n  (3 .47 )  i s  th e  q u a n t i t y  N ^ ^ ( R ) .  I t s  
d e f i n i t i o n  ( e q u a t io n  (3 .4 3 ) )  s u g g e s ts  th e  p ro ced u re  f o r  i t s  e v a l u a t i o n ,  
namely m u l t i p l i c a t i o n  o f  e q u a t io n  (3 .42 )  by fo l lo w ed  by  i n t e g r a t i o n
over k and summation in  L. T h is  g iv e s
N*^P(R) = Z N'^P(R) + G*^^(R) -zTT 2 an  %n
-  Z e ^  Z-™ P -q  (R3 (3 .57 )
q=l "
where
= Z -2w/E^ p3L (3 .58)
«  L
/ “  d k k ^ / ( Y W )  f3L(k) f3L(k) , (3 .59 )
cff^CR) = 3 . / 8/ n  e(JL J 'L 'M n)
T^ T '1-n Vj a ^ L n
X /  d r  r ^  v^  ( r ,R )  A uP^^ ,^(r ,R ) ( r )  , (3 .60 )
o
2^ p - q  ^ Z d r  r ^  auP -g^r .R ) a3L(x) . (3 .61 )
The z e r o - t h  o rd e r  component o f  Z i s  j u s t  a number in d e p e n d e n t  o f  R,
JMo _ ^  r
-cn “ V  n l  , (3 .62 )
where
,J£
V  I  dk k ' / ( - C d - E k )  C c k )  n^k) .
The s o l u t i o n  o f  e q u a t io n  (3 .57 )  i s  d i s c u s s e d  i n  Appendix E.
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The re q u ire m e n t  t h a t  be o r th o g o n a l  to  th e  d e u te ro n  w avefunc tion  
f o r  p>o im p l ie s  t h a t ,  f o r  each  v a lu e  o f  p and M, we m ust c a l c u l a t e
>6 = Z / “  d r  u, ( r )  AuP (3 .63 )
L=o,2  ^ L
and en su re  t h a t  th e  sum v a n is h e s  by  s u b t r a c t in g  th e  q u a n t i t y f r o m
*
3 .4 .  T ru n c a t io n  o f  th e  m i i l t ip o le  s e r i e s
The s t r u c t u r e  o f  th e  term  d e f in e d  by e q u a t io n  (3 .44 )
(equation  (3 .49 ))  shows t h a t  th e  m u l t ip o l e  in d ex  n a c t s  as  a c o u p l in g  a g e n t
between th e  a n g u la r  momentum v a lu e s  JL and J^L^. The e x p r e s s io n s  e q u a t io n s
(3 .42) and (3 .47) t h e r e f o r e  r e p r e s e n t  an i n f i n i t e  s e t  o f  e q u a t io n s .
T ru n c a t io n  o f  th e  m u l t ip o l e  ex pans ion  o f  th e  Coulomb p o t e n t i a l  AV and th e
cho ice  o f  a maximum v a lu e  f o r  th e  o r b i t a l  a n g u la r  momentum, L , a r e45 max
n e c e s s a r y  t o  red u ce  th e  e q u a t io n s  t o  a  f i n i t e  number.
To d e c id e  on th e  v a lu e s  o f  ri and L , we c o n s id e r  t h e  p o t e n t i a lmax max ^
V^^, which i s  t h e  q u a n t i t y  t o  be u sed  in  th e  e l a s t i c  s c a t t e r i n g  a n a l y s i s .
In  th e  sub-Coulomb regim e in  q u e s t io n ,  V^^ i s  m a in ly  needed  f o r  v a lu e s
R -  q^ (q^ = c l a s s i c a l  d i s t a n c e  o f  c l o s e s t  approach) and th e  o v e r la p
i n t e g r a l  i n  t h i s  p o t e n t i a l  r e q u i r e s  t h e  a c c u r a te  knowledge o f  b o th  AV and
th e  m o d if ie d  s t a t e  | i n  th e  ran g e  o f  th e  d eu te ro n  w av e fu n c t io n .  Thus
th e  a s y m p to t ic  form o f  th e  expans ion  o f  AV i s  v a l i d  f o r  th e  most s i g n i f i c a n t
— n — 1p a r t  o f  th e  i n t e g r a t i o n  ra n g e .  S in c e ,  i n  t h i s  c a s e ,  v^ a R , t h e
p o t e n t i a l  V^^ i s  r e l i a b l y  de te rm ined  by th e  f i r s t  m u l t ip o l e s  o f  AV o n ly .
T his  was shown to  be th e  case  in  t h e  frame o f  th e  harm onic o s c i l l a t o r
model o f  S e c t io n  3 .1 ,  where th e  i n c l u s i o n  o f  h ig h e r  m u l t ip o l e s  r e s u l t e d  in
“1te rm s w ith  e x t r a  powers o f  R
In  o u r  p e r t u r b a t i v e  app roach ,  we must d i s t i n g u i s h  between th e  e f f e c t  
o f  i n c r e a s in g  th e  m u l t i p o l a r i t y  a t  a f ix e d  o rd e r  o f  p e r t u r b a t i o n  and th e
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a d d i t io n a l  consequence o f  i n c r e a s i n g  t h e  l a t t e r  as w e l l .  In  t h i s
approach , th e  q u a n t i t y  to  s tu d y  i s  , th e  M component o f  c a l c u la te d
w ith  a m o d if ied  w av efu n c t io n  e v a lu a te d  i n  [ p - 1) - t h  o r d e r  o f  p e r t u r b a t i o n
and r e f e r r e d  to  th e  {R} c o o r d in a te  system . As seen  from e q u a t io n  ( 3 .5 5 ) ,
i s  o f  o rd e r  p in  AV. D is r e g a rd in g  t h e  geom etr ic  c o e f f i c i e n t s ,  i t  can
be s c h e m a t ic a l ly  w r i t t e n  f o r  s u f f i c i e n t l y  l a rg e  R as a sum o f  te im s  o f
th e  form (Ze^/R)^ n R ^*1, where n d e n o te s  th e  p ro d u c t  . r e f e r r e d  to  th e
index  q , which can v a ry  from 1 to  p ,  n^  ta k in g  any v a lu e  betw een o and th e
2 -1chosen n^^^ . This  e x p re s s io n  shows t h a t  Ze /R and n o t  R i s  t h e  r e l e v a n t  
f a c t o r  to  d e te rm ine  th e  convergence  o f  th e  s e r i e s  o f  f o r  any n . Not a l l  
p o s s i b l e  com binations  o f  n ’ s w i l l ,  how ever, g iv e  n o n -v a n is h in g  c o n t r i b u t i o n s  
to  E^, s in c e  th e s e  a r e  a l s o  d ependen t on th e  r e s t r i c t i o n s  imposed by th e  
a n g u la r  momentum c o u p l in g ,  nam ely
|L-& I < n < L+£
I J - J j I < n < J+J^  (3 .64)
£ + L + n = even
which must be s im u l ta n e o u s ly  s a t i s f i e d  f o r  each n .  L m ust obey th e  
s i m i l a r  r e s t r i c t i o n s  t h a t  g u a ra n te e  th e  e x i s t e n c e  o f  t h e  f u n c t i o n s  Au^j^.
For f ix e d  p ,  th e  p a r i t y  c o n d i t io n  can a l s o  be w r i t t e n
p
Z n = even (3 .65)
q=l ^
A ccording to  e q u a t io n s  (3 .64 )  o n ly  n=o,2  c o n t r i b u t e  to  c^ .  T h is  
le a d s  u s  t o  s e t  n ^ ^  = 2 .  In  th e  d iagram s o f  F ig u re  3 .1  we r e p r e s e n t  th e  
s t a t e s  g e n e ra te d  by th e  d ip o l e  and quad rupo le  te rm s in  i n c r e a s i n g  o r d e r  o f  
p e r t u r b a t i o n .  The th i c k  l i n e s  co n n ec t  s t a t e s  coup led  by v ^ ,  th e  t h i n  
l i n e s  th o s e  coupled  by  v^ and th e  dashed  l i n e s  co rresp o n d  to  co u p l in g  t h a t  
h a s  been n e g le c te d .  The low er  diagram  p r e s e n t s  th e  a d d i t i o n a l  e f f e c t s  o f  
s im u l ta n e o u s ly  in c lu d in g  b o th  m u l t i p o l e s ,  th e  t o t a l  e f f e c t  in  t h i s  case  
b e in g  th e  s u p e r p o s i t i o n  o f  th e  t h r e e  d iag ram s. S in c e ,  in  f i r s t  o r d e r ,  th e
O r d e r
S t a t e
-3 0 -
0 t h  1 s t 2 n d 3 r d
3s ^ -3 d i
D
o
3S i - 3 d^
D
D
J f l
n = 1 + 2 -  ( n = l  + n = 2 )
F ig u re  3 .1  R e p r e s e n ta t io n  o f  s t a t e s  g e n e ra te d  by th e
d ip o le  and q u ad ru p o le  term s o f  AV i n  
i n c r e a s in g  o r d e r  o f  p e r t u r b a t i o n
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3 3and s t a t e s  o r i g i n a t e  e x c l u s i v e ly  from th e  d e u te ro n  D s t a t e ,
choosing L -  2 e n s u re s  t h a t  a l l  th e  c o n t r i b u t i o n s  from th e  S wave ^ max
p a r t  o f  th e  w av efu n c t io n  a r e  in c lu d e d  in  f i r s t  o rd e r  f o r  b o th  v^ and
v^ and i n  second o rd e r  f o r  v^ .  As th e  o r d e r  o f  p e r t u r b a t i o n  i n c r e a s e s ,
th e  e f f e c t  o f  t h i s  t r u n c a t i o n  becomes more im p o r ta n t  s in c e  we a r e  then
d i s r e g a r d in g  s t a t e s  w ith  L >2 as c o n t r i b u t o r s  to  th e  P and D s t a t e s ,  which
a re  n o t ,  i n  consequence , a c c u r a t e l y  d e te rm in e d .  The h ig h e r  o rd e r  c o r r e c t io n s
to  th e  w avefunc t ion  must t h e r e f o r e  be c r i t i c a l l y  c o n s id e re d .
The low es t  m u l t ip o l e  n e g l e c t e d ,  n = 3 ,  as  th e  c o n d i t io n  (3 .65 )  c l e a r l y
2
shows, can c o n t r i b u t e  to  th ro u g h  te rm s  e i t h e r  q u a d r a t i c  in  v^ o r
in v o lv in g  v^ and v^ . The l a t t e r  i s  th e  most s e v e re  l o s s  r e s u l t i n g  from
o u r  t r u n c a t io n  s in c e  i t  i n c lu d e s  th e  le a d in g  d ip o le  term  in  f i r s t  o rd e r .
I t s  a sy m p to t ic  b e h a v io u r  [(Ze^)^R  i s  th e  same as  t h a t  o r i g i n a t i n g  from
th e  c o n t r i b u t i o n  second  o rd e r  i n  ^ 2 * However, u n l ik e  t h i s  one, i t  canno t
r e s u l t  from i n t e g r a l s  in c lu d in g  only, th e  S s t a t e  p a r t  o f  t h e  d e u te ro n
w avefunc t ion  and i s  t h e r e f o r e  e x p ec ted  to  be l e s s  im p o r ta n t .
In  c o n c lu s io n ,  o u r  ch o ice  o f  n = 2  and L = 2  e n s u re s  t h a t  th e  '  max max
e f f e c t s  from th e  dom inant d ip o le  term  and th e  S wave p a r t  o f  t h e  d eu te ro n  
w avefunc tion  a r e  t r e a t e d  e x a c t l y  up to  second  o rd e r  o f  p e r t u r b a t i o n .
F u r th e r  i n s i g h t  i n t o  th e  v a l i d i t y  o f  th e  L t r u n c a t i o n  can be ga ined  
from th e  harm onic o s c i l l a t o r  model o f  S e c t io n  3 .1 .  I t  was shown t h e r e  
t h a t ,  i n  a  model i n  which th e  u n p e r tu rb e d  d e u te ro n  i s  th e  ground s t a t e  
u ^ ( r )  o f  a harmonic o s c i l l a t o r  p o t e n t i a l ,  th e  e f f e c t  o f  th e  d ip o l e  term 
o f  AV i s  t o  p roduce  a m o d if ied  ground s t a t e
(r) = ( r - c î )  , (3 .66)
where c = f^ / (y w ^ )  = 2a^ Z R ^ . (3 .67 )
Given th e  a n a l y t i c  form , we can e s t i m a t e  th e  a c c u racy  o f  th e  pa.rtLal
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wave t r u n c a t i o n  by expanding
= N exp { -  A Cr^+c^) } Z P, Cr.R) , (3 .68 )o L L
where
A = yw /(2h) (3 .69)
and
r  = 2Xcr , (3 .70)
I t  th e n  becomes c l e a r  t h a t  th e  r e s t r i c t i o n  to  v a lu e s  L < L i s  v a l i d ,max
p ro v id e d  j ,  ( i r ) / j  ( iP ) << 1, f o r  th e  Z, R ,r  (and hence  I )  o f
max max
im p o r tan ce .  F ig u re  3 .2  shows th e  r a t i o
R l  =  I i * '  I /  j o ( i P )  ( 3 . 7 1 )
as a f u n c t io n  o f  F, and t h a t ,  as f a r  as  th e  dominant d ip o l e  term  i s  
conce rned ,  o u r  imposed l i m i t  = 2 i s  r e a s o n a b le  p ro v id e d  F < 1 .
T his  c o n d i t io n  re d u c e s  to
0 .0 8 8  Zr R"^ < 1 (3 .72)
and im p l ie s  t h a t ,  f o r  a g iven  Z,R, o u r  c a l c u l a t i o n s  a re  r e l i a b l e  o n ly  f o r  
th o s e  r  which s a t i s f y  th e  r e l a t i o n
r  < min (2R, 11 .4  R^/Z) . (3 .73 )
Even f o r  l a r g e  Z, i t  i s  t h e  l i m i t  2R t h a t  p r e v a i l s  in  th e  above i n e q u a l i t y ,
ex c e p t  f o r  v e ry  sm all R. For i n s t a n c e ,  f o r  ^^^Pb and R -  10 fm, th e  
m o d if ied  w av e fu n c t io n  w i l l  c o n ta in  o n ly  sm all  c o n t r i b u t i o n s  from th e  
n e g le c te d  p a r t i a l  waves (L > L^^^) p ro v id e d  r ^  15 fm. S in c e  t h i s  i s  th e  
p a r t  o f  th e  w avefunc t ion  t h a t  o v e r la p s  s t r o n g l y  w ith  t h e  d e u te ro n  ground 
s t a t e ,  t h e  t r u n c a t i o n  in  L w i l l  have n e g l i g i b l e  e f f e c t  upon th e  c a l c u l a t e d  
b in d in g  e n e rg y  s h i f t ,  as g iven  by  e q u a t io n  ( 3 .5 4 ) ,  and a l s o  upon th e  
term s < | | > o f  th e  m o d if ied  fo ld e d  p o t e n t i a l  ( e q u a t io n  ( 3 . 3 ) ) ,
which a r e  e q u a l ly  r e s t r i c t e d  in  range  to  t h a t  o f  (j) .^
- J J -
L=1
-1
L=2
0
F ig u re  3 .2  The r a t i o  o f  e q . (3 .71) p l o t t e d  f o r  L = l ,2 ,3
as a f u n c t io n  o f  f
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The m o d if ie d  w av e fu n c t io n ,  X  a s  c a l c u l a t e d  h e re  i s  a p p r o p r i a t e  to  
use  in  s t r i p p i n g  c a l c u l a t i o n s ,  s in c e  th e r e  th e  knowledge o f  th e  T 
m a tr ix  r e q u i r e s  th e  e v a lu a t io n  o f  th e  p ro d u c t  , which i s  o f  s h o r t
ra n g e .  I d e n t i c a l  c o n c lu s io n s  were o b ta in e d  by Goddard e t  a l .  [Go 82].
3 .5 .  The Coulomb o p t i c a l  p o t e n t i a l
The M component o f  th e  Coulomb o p t i c a l  p o t e n t i a l  in  th e  {R} c o o rd in a te
system  i s  g iv en  by e q u a t io n  ( 3 .5 5 ] .  To r e f e r  t h i s  p o t e n t i a l  to  an a r b i t r a r y
system o f  c o o rd in a te s  we u se  th e  r o t a t i o n  p r o p e r t i e s  o f  t h e  s t a t e s  | $ >
p re s e n te d  i n  S e c t io n  3 .2  (e q u a t io n  ( 3 .3 5 ] ] .  D enoting by th e  component
o f  V _ o f  o r d e r  p in  AV, oL
(vScPMiM, " < +«1 , z I I  ^ '  :  >
= IM l  2
M-M.
= Æ F  Z ( - ]  < J  -MJ M I Ko X  J  -M J  M I KQ>
KQM ^
X K - I  , • (3 . 74)
w h e re  we m ad e  u s e  o f  t h e  sy m m e try  a n d  c o n t r a c t i o n  p r o p e r t i e s  o f  t h e  
r o t a t i o n  m a t r i c e s  a n d  o f  t h e i r  r e l a t i o n  t o  t h e  s p h e r i c a l  h a r m o n ic s  [B r  6 2 ,
To 79].  S in ce  = e^ , th e  c o n t r i b u t i o n  from th e  K = 1 te rm  i n  th e  sum 
v a n i s h e s .  Thus i s  made o f  a c e n t r a l  (K=o] and Tj  ^ ty p e  (K=2] te rm s .
= T   ^ VI Z < J i  M 20 I M > eP T% , (3 .75 )vP
~ M r  ' “ M
where, f o r  s p in  1 p a r t i c l e s ,  th e  o p e r a t o r  T^  ^ i s
-  2 /3
= 2 /3  / W T  2 Y^(R) tTjQ (S) (3 .7 6 )
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(S) b e in g  i r r e d u c i b l e  t e n s o r  o p e r a to r s  [Br 62, La 55] in  th e  space o f  
sp in  S s a t i s f y i n g  [Ro 74]
< S o '  I (S) I Sct> = ic < SoKQ I Sa"> . (3 .77 )
The p r o p e r t i e s  o f  i n  p a r t i c u l a r  i t s  a sy m p to t ic  b e h a v io u r ,  a r e
t h e r e f o r e  d e te rm in ed  by  th o s e  o f  In  f i r s t  o rd e r  in  AV, V^^ i s  th e
Coulomb term  o f  th e  Watanabe f o ld e d  p o t e n t i a l .  I t  com prises  a s h o r t  range  
c e n t r a l  c o n t r i b u t i o n  r e s u l t i n g  from th e  n = o m u l t i p o l e ,  u s u a l l y  n e g l e c t e d ,  
and a t e n s o r  p a r t  from V2 , w hich, f o r  l a r g e  R, i s  th e  p o t e n t i a l
V = 3 /2  Q, Ze^R"^ T„ (3 .78 )cw ^d R
f i r s t  e v a lu a te d  by Raynal [Ra 6 5 ] .  In  second o r d e r ,  b o th  th e  d ip o le  and 
th e  quad rupo le  p a r t s  o f  AV g e n e r a te  c e n t r a l  and t e n s o r  te rm s ,  w hich, 
a s y m p to t i c a l ly ,  go a s  R ^ o r  R ^ depending  on w hether  t h e i r  o r i g i n  i s  
Vi o r  v^ . I n t e r f e r e n c e  te rm s ,  however, o n ly  a r i s e  i n  t h i r d  o r d e r  due to
th e  p a r i t y  c o n d i t io n  e q u a t io n  ( 3 .6 5 ) .  S in ce  we do n o t  r e s t r i c t  AV t o  th e
p o in t  cHarge l i m i t  and t h e  m u l t ip o l e s  o f  AV have a d i f f e r e n t  f u n c t i o n a l  
form depending  on th e  r e l a t i v e  m agnitudes  o f  r  and R, t h e  te rm s o f  V^^ 
go as  powers o f  R  ^ o n ly  a s y m p t o t i c a l ly .  Fo r sm all  v a lu e s  o f  R, t h e  
p o t e n t i a l  has  a d i f f e r e n t  shape  as  shown in  F ig u re s  3 .3  -  3 .5 .  The e f f e c t s  
o f  t h i s  i n s i d e  r e g io n  upon th e  r e a c t i o n  o b s e rv a b le s  w i l l  be p r e s e n te d  in  
C hap te r  4 . The a s y m p to t ic  form o f  t h e  second o r d e r  te rm  i n  v^ ,  which i s  
th e  dominant c o n t r i b u t i o n  t o  V^^ i s  u s u a l l y  w r i t t e n  as
''oC ^ ■ CZe)^/2 COj. + 2 Tj^) R"'' (3 .7 9 )
We o b ta in  = 0 .6 1 7  fm , = 0 .032  I f  th e  G reen ’s  f u n c t io n  i n  th e
d e f i n i t i o n  o f  | ^  > i s  approx im ated  by a f r e e  p a r t i c l e  G re e n 's  f u n c t i o n  
as  i n  [Ra 53, Ba 77 ],  t h e i r  v a lu e s  become = 0 .619  cm^, = 0 .0 3 7  fm^.
A d i s c u s s io n  o f  t h e s e  v a lu e s  and o f  p re v io u s  c a l c u l a t i o n s  i s  g iv e n  in  
C hap ter  5.
-36-
^C ent
oC
0.1
MeV
0.0
- 0 . 4
1814
R (fm )
F i g u r e  3 .3  C e n t r a l  t e r m s  o f  t h e  C o u lo m b  o p t i c a l  p o t e n t i a l ,
V , f o r  T h e  c u r v e s  a r e  l a b e l l e d  a c c o r d i n g
oC
t o  t h e i r  a s y m p t o t i c  b e h a v i o u r .
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F i g u r e  3 .4  T e n s o r  t e r m s  o f  t h e  C o u lo m b  o p t i c a l  p o t e n t i a l ,
V f o r  T h e  c u r v e s  a r e  l a b e l l e d  a c c o r d i n g
t o  t h e i r  a s y m p t o t i c  b e h a v i o u r .
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F i g u r e  3 . 5  C o m p a r is o n  o f  t h e  e x a c t  ( s o l i d  a n d  s h o r t  d a s h e d  
l i n e s )  a n d  t h e  a s y m p t o t i c  ( l o n g  d a s h e d  a n d
d a s h e d - d o t t e d  l i n e s )  f o r m s  o f  t h e  p o t e n t i a l s
- 3  - 4
i n  R (T ^) a n d  R ( c e n t r a l  p a r t  o n l y )
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In  T ab le  3 .1  we p r e s e n t  t h e  v a lu e s  o f  th e  c o e f f i c i e n t s  C o f  
^ m
th e  a s y m p to t ic  p a r t  o f  th e  v a r io u s  te rm s o f  w r i t t e n  i n  th e  form 
[Ze^yP R t o g e t h e r  w ith  t h e  o rd e r s  o f  th e s e  te rm s in  v^ and v^.
To p ro v id e  a com parison betw een th e  m agnitudes o f  t h e  s e v e r a l  p o t e n t i a l s ,  
th e  r a t i o s
= I [CZe^)P R '” ] /  [(Ze2)2  r - 4 ]  |
f o r  R = 14fm and Z = 82 a re  a l s o  in c lu d e d .  F ig u re s  3 .3  and 3 .4  show th e
f i r s t  te rm s  o f  c a l c u l a t e d  f o r  ^^^Pb and F ig u re  3 .5  compares th e  
1 2
p o t e n t i a l s  and w ith  t h e i r  a s y n ^ t o t i c  forms which a r e  o r d i n a r i l y
used  in  r e a c t i o n  c a l c u l a t i o n s .  I t  i s  seen  t h a t  th e  d i f f e r e n c e  between th e
two i s  l a r g e r  th a n  t h a t  qu o ted  by Drachman [Dr 66 ] f o r  th e  c e n t r a l  p a r t  
2o f  T ha t i l l u s t r a t e s  th e  s e n s i t i v i t y  o f  th e  c a l c u l a t i o n s  to  th e
s p h e r i c a l  ch a rg e  d i s t r i b u t i o n  o f  th e  t a r g e t  n u c le u s  as  opposed to  a 
p o in t  charge  app ro x im atio n  ( ta k e n  by Drachman) as R becomes s m a l le r .
The a n a l y s i s  o f  T ab le  3 .1  and F ig u re s  3 .3  and 3 .4  shows t h a t  p o t e n t i a l  
te rm s i n  whose g e n e s i s  v^ i n t e r v e n e  a r e  c o n s i s t e n t l y  l a r g e r  th a n  th o s e  
g e n e ra te d  w ith  v^ o n ly .  The r e l a t i o n s  and «  SLj ,  f o r  i n s t a n c e ,
i l l u s t r a t e  t h i s  p o i n t ,  which j u s t i f i e s  o u r  t r u n c a t i o n  o f  th e  m u l t ip o le  
s e r i e s  a f t e r  th e  quad ru p o le  te rm . On th e  o th e r  hand ,  f o r  each m u l t ip o l e ,  
v^ , th e  m agnitudes  o f  th e  p o t e n t i a l s  d e c re a se  w ith  t h e i r  o r d e r  in  v^
(Rg < Rg < R^^ < ^ ) , th u s  s u g g e s t in g  th e  convergence o f  th e
p e r t u r b a t i o n  s e r i e s  even f o r  t h e  l a r g e  v a lu e  o f  Z u s e d .  However, h ig h e r  
o r d e r  te rm s in v o lv in g  b o th  m u l t ip o l e s  can be o b ta in e d  v i a  d i f f e r e n t  r o u te s  in  
th e  d iagram  o f  F ig u re  3 .1  and a re  t h e r e f o r e  g r e a t e r  th a n  ex p e c te d  ( e .g .
3 .6 .  C o r r e c t io n s  t o  th e  fo ld e d  p o t e n t i a l  o f  Watanabe
In  p e r t u r b a t i o n  th e o ry ,  a n a lo g o u s ly  to  com prises  te rm s o f
v a r io u s  o r d e r s  i n  th e  Coulomb i n t e r a c t i o n  AV. I t  can be w r i t t e n
V m f  "  2  V o w  +  Z <  4 P  I I
p ,q ^ o
-40-
TABLE 3 .1
I n t e n s i t i e s ,  C^, o f  t h e  a sy m p to t ic  p a r t s  o f  t h e  s e v e r a l  components o f  
a s  a f u n c t i o n  o f  t h e  r e s p e c t i v e  powers [m) o f  R ^ r e p r e s e n t s
VV»
th e  r a t i o  between th e  s e v e r a l  te rm s and th e  dominant p o t e n t i a l  i n  R-4
m O rder i n
^1 ^2 Cent. Cent. h
3 0 1 0 (3/2)Q^ - -
4 2 0 -0 .214 -0 .0 3 4 1 .00 1 .0 0
6 0 2 - 2 . 000 , -0 .1 8 0 0 .048 0 .027
7 2 1 1.572 0 .195 0 .316 ' 0 .247
8 4 0 -0 .2 8 4 -0 .0 2 8 0 .482 0 .299
9 0 3 8.328 1.579 0 .009 0 .0 1 0
10 2 2 -3 2 .0 2 -3 .3 3 3 0 .277 0.181
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where we have i s o l a t e d  th e  te rm s  c o n ta in in g  th e  u n p e r tu rb e d  d eu te ro n  
w avefunction
0 W =  Z  <  I V R ,  I ■ ( 3 . 8 1 )
P=1
For t h e s e ,  l i k e  f o r  t h e  r e l e v a n t  p a r t  o f  th e  o v e r la p  i n t e g r a l
c o rre sp o n d s  to  sm all  v a lu e s  o f  r  and , t h e r e f o r e ,  o u r  t r u n c a t i o n  o f  th e  
m u l t ip o le  expansion  and L s e r i e s  i s  e q u a l ly  v a l i d .  The m agnitude o f  
th e s e  te rm s can th e n  be e s t im a te d  f o r  each p .
The m a tr ix  e lem ent o f  t h e  o r d e r  p te rm  r e f e r r e d  to  an a r b i t r a r y
c o o rd in a te  s e t  i s  e x p re s s e d  i n  te rm s o f  th e  m o d if ied  s t a t e  c a l c u l a t e d
in  th e  {R} system  by
^ ^ o W ^ M ^ M 2  "  ^  z  I I ^  ^
J  *
=  2  ©  4  ( R ‘ b  <  t u -  R  I V u  I  4 L ,  R  >MM" MM m IM M
J
X S) 1 (R"^) . (3 .82 )
The c e n t r a l  p a r t  o f  th e  n u c l e a r  p o t e n t i a l  g iv e s  r i s e  t o  c e n t r a l  and
Tr te rm s in
VP„(R) = I I A? (R) + Æ72 r < M 20 I Jj M >
X aP (R) , (3 .8 3 )
e x p re s s io n  ana logous  t o  e q u a t io n  ( 3 .7 6 ) .  In  h e r e ,
CO
Æ (R) = Z Æ T  t ^  3 (J^ULM t) /  d r  r  u ( r )  V ( r ,R )
^  JL&t o
A u j ^  ( r ,R )  , (3 .8 4 )
and we have perfo rm ed  th e  m u l t ip o l e  expans ion
(r.R) = 2 Z  V ^(r.R ) P ^ ( r .R )  . (3 .8 5 )
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A s p i n - o r b i t  te rm  i s  a l s o  o b ta in e d
[Vj q (R) + R"^ Wgg (R)] Î . R  , (3 .86 )
th e  p o t e n t i a l s  and r e s u l t i n g ,  r e s p e c t i v e l y ,  from th e  even
( t= o ,2 )  and odd ( t= l )  m u l t ip o l e s  o f  th e  s p i n - o r b i t  p a r t  o f  V^. T h e i r
e x p re s s io n s  and d e r i v a t i o n  a r e  g iven  in  Appendix F.
Taking th e  n e u t ro n  and p ro to n  o p t i c a l  p o t e n t i a l s  as  hav ing  th e  same
geometry and s t r e n g t h ,  t h e  c e n t r a l  p a r t  o f  has  o n ly  even m u l t i p o l e s .
The p a r i t y  c o n d i t io n  imposed by 3[J^&JLMt) th e n  r e q u i r e s  L to  be even.
Thus th e  dominant d ip o le  te rm  o f  AV o n ly  c o n t r i b u t e s  t o  V^^ in  second
o r d e r ,  th e  f i r s t  o r d e r  te rm s b e in g  due to  v^ and v ^ . The e x p l i c i t  forms
o f  V^^ and show t h a t  th e  same i s  t r u e  f o r  th e  s p i n - o r b i t  p o t e n t i a l
though i n  t h i s  c a se  an odd v a lu e  o f  t  i s  a l s o  p o s s i b l e .  The c o r r e c t i o n s
to  V^^^ a r e  t h e r e f o r e  e x p ec ted  t o  be s m a l l .  The second te rm  o f  V^£
(e q u a t io n  (3 .81)) m ight c o n c e iv a b ly  o r i g i n a t e  l a r g e r  c o r r e c t i o n s ,  b u t  s i n c e
i t s  range  o f  i n t e g r a t i o n  i s  n o t  l i m i t e d  by i t s  c a l c u l a t i o n  w ith  o u r
t r u n c a t i o n  o f  th e  n and L s e r i e s  would be m e a n in g le ss .
F ig u re  (3 .6 )  shows f i r s t  and second o r d e r  c o r r e c t i o n s  t o  t h e  s p i n - o r b i t
p a r t  o f  V„, I d e n t i c a l  r e s u l t s  a r e  o b ta in e d  f o r  th e  c e n t r a l  and t e n s o r  ^ Wat
p a r t s .  Due t o  t h e i r  s h o r t  r a n g e ,  th e y  a r e  ex p ec ted  t o  have l i m i t e d  e f f e c t
upon th e  r e a c t i o n  o b s e rv a b le s .
The e x i s t e n c e  o f  a P wave p a r t  i n  ^  a l lo w s  th e  n u c le o n -n u c le u s  s p i n -
1o r b i t  p o t e n t i a l s  t o  coup le  th e  m o d if ie d  s t a t e  to  a s i n g l e t  s p in  s t a t e
o f  th e  n -p  system . U n like  in  th e  c a l c u l a t i o n  o f  Harvey and Johnson  [Ha 7 4 ] ,  
t h i s  c o u p l in g  does n o t  r e l y  upon th e  i s o s p i n  dependence o f  t h e  n u c le o n -  
t a r g e t  s p i n - o r b i t  p o t e n t i a l .  We do n o t  p e rfo rm  a f u l l  i n v e s t i g a t i o n  o f  
t h i s  e f f e c t  b u t  g iv e  a b r i e f  summary in  Appendix G.
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F i g u r e  3 .6  C o r r e c t i o n s  t o  t h e  s p i n - o r b i t  p a r t  o f  t h e  W a ta n a b e  
p o t e n t i a l  ( s o l i d  l i n e )  d u e  t o  AV i n  f i r s t  ( d a s h e d -  
- d o t t e d  l i n e )  a n d  s e c o n d  ( d a s h e d  l i n e )  o r d e r
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CHAPTER 4 -  CALCULATIONAL METHODS AND NUMERICAL RESULTS
T his  C hap te r  com prises  two p a r t s .  In  P a r t  A, we d e a l  w i th  th e  problem s 
o f  s o lv in g  th e  S ch ro d in g e r  e q u a t io n  f o r  t h e  e l a s t i c  s c a t t e r i n g  o f  do u te ro n s  
by a heavy t a r g e t  a t  sub-Coulomb e n e rg ie s  in  th e  p re s e n c e  o f  long range  
p o t e n t i a l s  as  d e r iv e d  in  th e  p re v io u s  c h a p te r .  The u s u a l  p ro c e d u re  to  
i n t e g r a t e  th e  r a d i a l  S c h ro d in g e r  e q u a t io n  and d e te rm in e  th e  S -m a tr ix  
becomes v e ry  cumbersome when th e  o p t i c a l  p o t e n t i a l  o f  t h e  d eu te ro n  in c lu d e s  
th e s e  long  ran g e  co u p l in g  te rm s a r i s i n g  from th e  Coulomb c o r r e c t i o n s .  Not 
o n ly  has t h e  n u m e rica l  i n t e g r a t i o n  t o  be c a r r i e d  o u t  to  v e ry  l a r g e  r a d i i  
b u t  a l s o  many p a r t i a l  waves have to  be c a l c u l a t e d .  To overcome th e s e  
d i f f i c u l t i e s ,  we s tu d y ,  i n  S e c t io n  4 . 2 ,  th e  s o l u t i o n s  when o n ly  th e  long 
range  p o t e n t i a l s  in  R ^  a re  p r e s e n t ,  i . e .  th e  s o l u t i o n s  a p p l i c a b l e  o u t s id e  
th e  range  o f  th e  n u c l e a r  p o t e n t i a l s .  N umerical i n t e g r a t i o n  o f  th e  
S ch ro d in g e r  e q u a t io n  i s  th e n  r e q u i r e d  o n ly  up to  a r a d iu s  R^, where th e  
n u c l e a r  p o t e n t i a l s  a re  n e g l i g i b l y  s m a l l ,  t h e  s o l u t i o n s  f o r  R > R^ hav ing  
a known a n a l y t i c a l  form. M atching th e  s o l u t i o n s  in  th e  two r e g io n s ,
R > R^ and R < R^, and e n s u r in g  th e y  have th e  r i g h t  a s y m p to t ic  b e h a v io u r ,  
g iv e s  th e  S -m a t r ix ,  as  d e s c r ib e d  i n  S e c t io n  4 .3 .  When th e  o p t i c a l  
p o t e n t i a l  in c lu d e s  o n ly  a sm a ll  i n t e r a c t i o n  i n  a d d i t i o n  to  th e  Coulomb 
te rm . Coulomb Wave Bom A pproxim ation (CWBA) may be u se d ,  as  shown in  
S e c t io n  4 .4 ,  t o  c a l c u l a t e  th e  p a r t i a l  wave s c a t t e r i n g  a m p l i tu d e s ,  b e in g  
p a r t i c u l a r l y  a c c u r a te  f o r  h ig h  v a lu e s  o f  &.
In  P a r t  B, we i n v e s t i g a t e  t h e  e f f e c t s  upon th e  r e a c t i o n  o b s e rv a b le s  
o f  th e  s e v e r a l  te rm s o f  th e  o p t i c a l  p o t e n t i a l ,  t r e a t e d  in  th e
manner d e s c r ib e d  in  P a r t  A.
P a r t  A -  C a l c u l a t i o n a l  Methods
We s h a l l  now c o n c e n t r a te  on s o lv in g  th e  S ch ro d in g e r  e q u a t io n  f o r  
th e  m otion o f  t h e  c e n t r e  o f  mass o f  th e  d eu te ro n  ( e q u a t io n  (2 .2 8 ) )
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[Ej -  Kr -  V ^ (R )  -  (<.R)= 0 , (4 .1 )
-V
w ith  th e  p o t e n t i a l  V (R) d i s c u s s e d  i n  C hap te r  3, and, p a r t i c u l a r l y ,  
on t r e a t i n g  p r o p e r ly  th e  long  ran g e  components o f  c o n ta in e d  in
Here = E + = h^K ^/(2y^) (4 .2 )
i s  th e  energy  o f  t h e  d eu te ro n  c e n t r e  o f  mass and th e  reduced  mass 
o f  t h e  d e u t e r o n - t a r g e t  system . (lc,K) s a t i s f i e s  th e  boundary
c o n d i t io n s  a p p r o p r ia te  f o r  e l a s t i c  s c a t t e r i n g ,  i . e .  i t  c o n ta in s  an 
i n c id e n t  p la n e  wave and o n ly  r a d i a l l y . o u t g o i n g  waves a s y m p to t ic a l ly .
4 .1 .  The r a d i a l  S c h ro d in g e r  e q u a t io n
We d e f in e  % = - i ^  A as  th e  o p e r a t o r  f o r  th e  d e u t e r o n - t a r g e t  
r e l a t i v e  o r b i t a l  a n g u la r  momentum and t  (=J i n  C hap te r  3) th e  d e u te ro n  
s p in  ( e ig e n v a lu e  s = = 1 ) .  N e g le c t in g  th e  t a r g e t  s p in ,  t h e  t o t a l
a n g u la r  momentum o f  t h e  system  i s  ^  = Î  + Î  .
We perfo rm  th e  p a r t i a l  wave expans ion  o f  t h e  d i s t o r t e d  wave 
(K,R) i n  e i g e n s t a t e s  o f  ]^[T o  79]
( k ,S) = Z , (4 .3 )
o ' o 'o  so '
= 47tR  ^ Z Z < £A sa |jm ><£''A ''sa" |jm >i^
jm o "  ZXZ ' X '
X Y^^(R) C^)* (c,R) . (4 .4 )
i s  th e  d eu te ro n  s p in  f u n c t io n  and th e  r a d i a l  f u n c t io n s  X^%^(K,R) 
s a t i s f y  th e  e q u a t io n
^  '  (4 .5 )
2
where th e  o p e r a t o r  i s
—46—
The a n g u la r  b r a c k e t s  now den o te  i n t e g r a t i o n  o v e r  t h e  a n g u la r  v a r i a b l e  
R and sum in  th e  s p in  c o o r d in a t e s ,  and, fo l lo w in g  [To 79] we d e f in e
I j £  > = i " ^  I (£s) jm > . (4 .7 )
The m a t r ix  e lem ent on th e  r i g h t  hand s id e  o f  e q u a t io n  (4 .5 )  i s  
independen t o f  m due to  r o t a t i o n a l  i n v a r i a n c e .  P a r i t y  c o n s e rv a t io n  im p l ie s  
t h a t  in  & and Z '  have th e  same p a r i t y .
The r a d i a l  f u n c t io n s  X^£^ must be r e g u l a r  a t  th e  o r i g i n  and s a t i s f y  
th e  a sy m p to t ic  boundary  c o n d i t io n  [Ra 64]
X ^ £ - ( k ,R)  (P) [Gjj^^(p) + i P ^ - ( p ) ] } ,
(4 .8 )
where p = tcR, i s  th e  Coulomb phase  s h i f t  and (G^) i s  th e  r e g u l a r  
( i r r e g u l a r )  Coulomb f u n c t io n  [Ab 6 5 ] .  The e l a s t i c  am p li tu d e s  C^^^ a r e  
r e l a t e d  to  t h e  S -m a tr ix  e lem en ts  d e f in e d  as i n  [Go 77] by
C j , .  W , , ,  . (4.9)
E quation  (4 .8 )  e n s u re s  t h a t  th e  have an i n c i d e n t  p la n e  wave when
o = a ' and o th e rw is e  o n ly  o u tg o in g  waves.
S in ce  th e  fo l lo w in g  a n a l y s i s  i s  n o t  r e s t r i c t e d  t o  t h e  s p e c i f i c  form 
o f  d e te rm in e d  in  C hap te r  3 ,  we s h a l l  ta k e  a g e n e ra l  p o i n t  o f  view
and in c lu d e  i n  t h e  p o t e n t i a l  on th e  r i g h t  hand s id e  o f  e q u a t io n  (4 .5 )  n o t  
o n ly  th e  Coulomb long  range  i n t e r a c t i o n s  and th e  Watanabe f o ld e d  p o t e n t i a l  
(o r  p h e n o m en o lo g ic a lly  e q u iv a le n t  p o t e n t i a l s )  b u t  a l s o  any a d d i t i o n a l  
n u c le a r  t e rm s ,  nam ely o f  T^ o r  Tp ty p e  [Sa 6 0 ] .  We s h a l l  den o te  t h i s  
g e n e ra l  p o t e n t i a l  by U. As a r e s u l t  o f  th e  i n c l u s i o n  o f  th e  t e n s o r  T^ and 
Tp i n t e r a c t i o n s ,  U can coup le  p a r t i a l  waves d i f f e r i n g  by two u n i t s  o f  o r b i t a l  
a n g u la r  momentum.
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4 .2 .  S o lu t io n  o f  t h e  coup led  e q u a t io n s  in  th e  a sy m p to t ic  re g io n
For each t o t a l  a n g u la r  momentum s t a t e  j  > o , th e  r a d i a l  S ch ro d in g e r  
e q u a t io n  (ecj . ( 4 .5 ) )  can be w r i t t e n  g e n e r a l l y  as an uncoup led  e q u a t io n  
and a p a i r  o f  coup led  e q u a t io n s ,  r e p r e s e n t e d  below in  m a t r ix  form
hj Xj(p)/P = Wjj Xj(p)/P (4 .10 )
hj-1  ° Xj_i(P)/P " i - i , i - i " j - i , j + i Xj_i(p)/P
°  hj+1 Xj+l(P)/P " i + i , i - i " j + i . i + i Xj+l(P)/P
where
and
dp'
L L .
P dp
&(A+1) + 1 _ (4 .11)
(4 .12 )
Here n i s  th e  Coulomb p a ra m e te r  and, f o r  s i m p l i c i t y ,  we c a r r y  on th e  r a d i a l  
f u n c t io n  o n ly  t h e  index  t h a t  e n t e r s  th e  r a d i a l  e q u a t io n ,  t h a t  i s ,  t h e  index  
£" o f  e q u a t io n  ( 4 .5 ) .  The r i g h t  hand s id e  o f  e q u a t io n (4 .1 0 )  c l e a r l y  
d i s p la y s  t h e  c o u p l in g  o f  th e  two f u n c t i o n s  Xj j  and Xj^^ when th e  
o f f - d ia g o n a l  m a t r ix  e lem en ts  o f  U, a r e  n o n -z e ro .  The e q u a t io n  f o r
£" = j  ( i f  j  > o o r  = j +1 i f  j= o ) rem ains  uncoup led  even in  th e  p re s e n c e  
o f  Tp on Tp te rm s .
We a r e  i n t e r e s t e d  i n  th e  c a se  when th e  p o t e n t i a l  U in c lu d e s  long  range  
i n t e r a c t i o n s  o f  th e  ty p e  o b ta in e d  in  S e c t io n  3 .5  which we w r i t e  as 
W(X) R" " O, where O i s  1 o r  Tp, W(X) th e  s t r e n g t h  o f  th e  p o t e n t i a l  and X 
an i n t e g e r  g r e a t e r  th a n  z e ro .  In  th e  r e g io n  o f  space  where a l l  th e  s h o r t  
range  n u c l e a r  p o t e n t i a l s  have v a n ish e d ,  W^^, i s  s im ply
X+1
(4 .1 3 )
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In  t h i s  r e g io n ,  e q u a t io n  (4 .1 0 )  has  fo u r  r e a l  l i n e a r l y  in d ep en d en t 
s o l u t i o n - v e c t o r s , which we w i l l  deno te  by F and G , t h a t  i s
ï f ( p )  = ? J . l ( p ) / p , S^Cp ) =
_ ? J , l ( p ) / p G j^ l (p ) /P
(4 .14 )
Thus, a g e n e ra l  s o l u t i o n  o f  e q u a t io n  ( 4 .1 0 ) ,  can be w r i t t e n
£ £
T his  same ex p an s io n  can be u sed  f o r  Xj h u t ,  in  t h i s  c a s e ,  th e  f u n c t io n s  
^ j ,  w i th  £j^j a r e  z e ro .  In  e q u a t io n s  (4 .14 )  and (4 .15 )  t h e  f u n c t io n s
and sh o u ld  a l s o  c a r r y  an index  j ,  which has been o m i t te d  t o  s im p l i f y
.-X-1
th e  n o t a t i o n .
S ince  t h e  p o t e n t i a l  W(X)R “ goes t o  zero  f a s t e r  th a n  th e  Coulomb 
te rm , a s y m p t o t i c a l l y  e q u a t io n  (4 .10) becomes th e  Coulomb e q u a t io n .  Hence, 
a t  i n f i n i t y ,  t h e  above d e f in e d  fu n c t io n s  and G^, must be a l i n e a r  
com bination  o f  th e  r e g u l a r  and i r r e g u l a r  Coulomb f u n c t io n s  F^^and G^^; 
however, o n ly  two such  com bina tions  can be l i n e a r l y  in d e p e n d e n t .  I t  p ro v e s  
u s e f u l  to  d e f in e  th e  f u n c t io n s  and w ith  th e  fo l lo w in g  a sy m p to t ic  
b e h a v io u r .
H *,(P) = %*,(P) + i  %%,(P) -»■ (Gj,(p) + i  F j,(p))  (4 .16 )
p-Ko
N oting  t h a t ,  a s  p -v ®,
G^ + i  F^ ~exp { i  (p-n&n2p-£n/2+o^)} = e x p { i$ ^ (p )}  (4 .17 )
s u g g e s ts  an a n s a tz  f o r  th e  so f a r  unknown complex f u n c t i o n s  H
H * ,(p )  = a ^ . ( p )  exp ( i4 ^ ( p ) } (4 .1 8 )
and th e  c h o ic e  made in  e q u a t io n  (4 .16 )  demands
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I t  shou ld  be n o te d  t h a t  e q u a t io n  (4 .18 )  c o rre sp o n d s  to  s e p a r a t in g
£ v^^£ ^£
(hence G^^) i n t o  t h e  p r o d u c t  o f  an o s c i l l a t o r y  and a sm oothly
£v a ry in g  p a r t .  We can expand a^^(p )  i n  in v e r s e  powers o f  p ,  an expansion  
which i s  expec ted  t o  be p a r t i c u l a r l y  s u i t a b l e  f o r  l a r g e  v a lu e s  o f  p ,
a ^ . ( p )  = Z A^^^(n) p"^   ^ (4 .20 )
n
S u b s t i t u t i o n  o f  th e  e x p re s s io n  f o r  i n t o  th e  S c h ro d in g e r  e q u a t io n  g iv e s  
th e  r e c u r s io n  r e l a t i o n  f o r  th e  c o e f f i c i e n t s  A ^,^(n)
2 i ( n + l )  = [n (n + l)  + (2 n + l ) in -n ^ - i l 'C « . '+ l ) ]  -
-  2^ A ^ ,,^ (n+1-X ) , (4 .21 )
where e q u a t io n  (4 .19) r e q u i r e s
The expansion  e q u a t io n  (4 .20 )  i s  an a s y m p to t ic  s e r i e s ,  w hich, 
fo l lo w in g  [Ro 7 7 ] ,  we c o n v e r t  i n t o  a  c o n t in u ed  f r a c t i o n  r e p r e s e n t a t i o n .  
This  p ro c e d u re  p ro v id e s  r a p i d  convergence  f o r  f i n i t e  v a lu e s  o f  p.
Z A (n)p ‘"  = A(o) + y " l  ( Z A(n) 1 /y^” '^ )  y  = <'p
n nj^o
1 /  B
= A(o) + y " V -  ^  \ . (4 .23 )
' V :
The new c o e f f i c i e n t s c a n  be r e l a t e d  t o  th e  A(n) u s in g  th e  a lg o r i th m
o f  P a t ry  and Gupta [Pa 73] .
When t h e r e  a r e  no long  range  o r  n u c l e a r  p o t e n t i a l s  p r e s e n t ,  th e  
£fu n c t io n s  must s a t i s f y  th e  homogeneous p a r t  o f  e q u a t io n  ( 4 .1 0 ) ,  i . e  
hJ - ( p ) = [Gj(p) + i  F ^ (p )]  f o r  a l l  p . (4 .24 )
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S ince th e  Coulomb f u n c t i o n s  can be c a l c u l a t e d  in d e p e n d e n t ly ,
eq u a t io n  (4 .24 )  p ro v id e s  a t e s t  to  th e  e v a l u a t i o n  o f  th e  c o e f f i c i e n t s
A^j^(n) and a l s o  an i n d i c a t i o n  o f  t h e  acc u racy  o b ta in e d  when t r u n c a t i n g
th e  c o n t in u e d  f r a c t i o n  ( e q u a t io n  (4 .2 3 ) )  a f t e r  a  c e r t a i n  number o f  te rm s
N. F ig u re  4 .1  shows, i n  t h i s  c a s e ,  th e  l i n e s  d e l im i t in g  th e  re g io n s  o f p  and £
space f o r  which b o th  | f^  -  F^ | < 10~^ and | c ^  -  | < 10 f o r
th r e e  v a lu e s  o f  N. These i n e q u a l i t i e s  a r e  s a t i s f i e d ,  f o r  a g iven  N,
f o r  any p a i r  o f  p ,£  v a lu e s  t h a t  l i e  above th e  l i n e  c o r re s p o n d in g  to
t h a t  N. Such d iagram s can be u sed  to  s e l e c t  th e  minimum N v a lu e  c o n s i s t e n t
w ith  th e  c a l c u l a t i o n  o f  t h e  ? ^ ^ ( p ) ,  ë^ ^ (p )  to  a d e s i r e d  a c c u ra c y ,  f o r  a
range o f  £ v a lu e s  a t  a g iven  p .
Our c a l c u l a t i o n s  were perfo rm ed  w ith  N = 25 o r  30. For m atching  
r a d i i  p^ -  100, t h i s  means t h a t  th e  f u n c t io n s  a re  a c c u r a te  to  10 ^
f\,£ 'X»£
f o r  £ < 40. A no ther n u m e rica l  t e s t  t o  th e  e v a lu a t io n  o f  th e  F^^, G^^ i s  
p ro v id ed  by t h e  Wronskian r e l a t i o n
:  -  K '  . (4 . 25)
In  our t e s t  c a l c u l a t i o n s ,  pe rfo rm ed  w ith  a Tj  ^ p o t e n t i a l  w i th  X = 2, t h i s
r e l a t i o n  was a c c u r a te  to  10 f o r  th e  h ig h e r  p a r t i a l  waves (£ -  40) and to  
- 2 010 f o r  th e  lo w er .
4 .3 .  E v a lu a t io n  o f  t h e  s c a t t e r i n g  m a tr ix  e lem en ts
The n u m e rica l  i n t e g r a t i o n  o f  e q u a t io n  (4 .5 )  (o r  e q u i v a l e n t l y  
e q u a t io n s  (4 .1 0 ) )  g iv e s  t h r e e  fu n c t io n s  where an e x t r a  i n d e x ,^  ,
has  been in t ro d u c e d  to  make e x p l i c i t  th e  dependence o f  th e  n u m e ric a l  
s o lu t i o n s  upon th e  s t a r t i n g  v a lu e s  n e a r  th e  o r i g i n .  From th e  p o i n t  o f  
view o f  n u m e rica l  i n t e g r a t i o n ,  th e  index  £ i n  e q u a t io n  (4 .5 )  i s  r e d u n d a n t ,  
s in c e  i t  does n o t  come in  th e  o p e r a to r s  b u t  m ere ly  l a b e l s  th e  f u n c t i o n s ,  
and w i l l  be o m i t te d  (as e q u a t io n  (4 .8 )  shows, £ i s  r e l a t e d  to  th e  boundary  
c o n d i t i o n ) .
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Number o£ te rm s ,N , o f  th e  a sy m p to t ic  s e r i e s  needed to  o b ta in  
th e  Coulomb f u n c t io n s  F^ and ( f o r  g iven  p and £) e x a c t  
to  10- 8 . ^ ^
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The u s u a l  method o f  d e te rm in in g  th e  s c a t t e r i n g  m a tr ix  e le m e n ts ,  
i s  to  match th e  s o l u t i o n s  o b ta in e d  by n u m erica l  i n t e g r a t i o n ,
to  th e  a s y m p to t ic  fo rm u la ,  e q u a t io n  ( 4 .8 ) ,  a t  a s u f f i c i e n t l y  l a r g e  r a d i u s ,  
R^, a t  which a l l  t h e  p o t e n t i a l s  o th e r  th a n  th e  Coulomb p o t e n t i a l  have 
v an ish ed .  T h is  te c h n iq u e  i s  n o t  im m ed ia te ly  a p p l i c a b l e  when th e r e  a r e  long 
range  R ^  te rm s p r e s e n t ,  b u t  we show below how th e  C^^^ can be o b ta in e d  in  
t h i s  c a s e .
4 . 3 . 1 .  Coupled e q u a t io n s
T D T i)I f  we f i x  L = j - 1 ,  x^ x^+2 ^ r e g u l a r  n u m e rica l  s o l u t i o n  o f  th e
p a i r  o f  coup led  e q u a t io n s .  However, s in c e  b o th  (x^^ and X^l+2  ^ and 
(x^^2 l X^+2 l+2^ a r e  r e g u l a r  s o l u t i o n s  o f  th e  same coup led  e q u a t io n s ,
th e  g e n e ra l  n u m e rica l  s o l u t i o n  x^9 must be a c e r t a i n  l i n e a r  com bina tion  
o f  th e  .
X^^ Cp ) = Z C» xi% , Cp ) = L,L+2) . (4 .26 )
At a  l a r g e  r a d iu s  R, beyond which a l l  i n t e r a c t i o n s  ex ce p t  t h e  1/R 
Coulomb te rm  a r e  n e g l i g i b l e ,  t h e  x%^^ ta k e  t h e i r  a sy m p to t ic  form ( e q u a t io n
( 4 . 8 ) ) ,  and t h e r e f o r e
x”  (P) = F^,(p) + G ^ A p) , (4.27)
where, as  in  e q u a t io n  ( 4 . 8 ) ,  and a r e  th e  r e g u l a r  and i r r e g u l a r
Coulomb f u n c t i o n s ,  and
4 -  = I  4  i  '  ^4.28)
i a
4 -  = ^ ® 4  • (4 .2 9 )
In  th e  p re s e n c e  o f  R~^ p o t e n t i a l s ,  s t r i c t l y  sp e a k in g ,  e q u a t io n  (4 .2 7 )  i s  
v a l i d  o n ly  a t  i n f i n i t y .  However, a t  a r a d iu s  R^ where th e  n u c l e a r  
p o t e n t i a l s  become n e g l i g i b l e ,  th e  s o l u t i o n  o f  th e  coupled  e q u a t io n s .
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in c lu d in g  th e  te rm s ,  a r e  th e  known f u n c t io n s  T h e re fo re
we must have
4 '  ( V  = :  1 4  + 4  '  Pn = " « n ’ (4 .30 )
where, by d e f i n i t i o n ,  as  p ® ,
K '  (%I') "  <(££' • (4-213
Thus, e q u a t io n  (4 .30 )  t e n d s  a s y m p t o t i c a l ly  to
X«/-(P) F ( / (P )+  9%, Gg^^p) . (4 .32 )
Hence th e  c o n s ta n t s  a ^ ,  3^ o f  e q u a t io n  (4 .30 ) a r e  e x a c t ly  th o s e  o f  
e q u a t io n s  (4 .27 )  -  ( 4 .2 9 ) .
U nlike  th e  u s u a l  s i t u a t i o n  f o r  uncoupled  e q u a t io n s ,  where th e  v a lu e s  
o f  a t  two r a d i i  ( o r ,  a l t e r n a t i v e l y ,  t h e  v a lu e s  o f  th e  f u n c t i o n s  and 
t h e i r  d e r i v a t i v e s  a t  a p a r t i c u l a r  r a d iu s )  a r e  s u f f i c i e n t  f o r  th e  
d e te rm in a t io n  o f  a l l  t h e  unknowns, th e  above system  (e q u a t io n s  (4 .2 7 )  o r  
(4 .30) r e q u i r e s  th e  u se  o f  two s e t s  o f  n u m e rica l  s o l u t i o n s  o b ta in e d  w ith  
d i f f e r e n t  s t a r t i n g  c o n d i t i o n s .  The system  o f  f o u r  e q u a t io n s  which r e s u l t s  
when w r i t i n g  e q u a t io n  (4 .30 )  f o r  Z '  = L,L+2, a t  th e  two m atch ing  r a d i i ,  
m ust, t h e r e f o r e ,  be s o lv e d  tw ic e  t o  g iv e  t h e  e i g h t  complex c o n s t a n t s  
a^ ,  3^. Now, i n s p e c t i o n  o f  e q u a t io n s  ( 4 .2 8 ) ,  (4 .29 )  shows t h a t
c^ = -  i3 ^  . (4 .33 )
For each  v a lu e  o f  Z ' , e q u a t io n  (4 .29 )  g iv e s  a system  o f  two e q u a t io n s  
co rrep o n d in g  to  th e  two v a lu e s  o f  0 .  These can be s o lv e d  s t r a i g h t f o r w a r d l y
f o r  th e  C„.\ an
4 . 3 .2 .  The uncoup led  e q u a t io n
The m atching  o f  t h i s  s o l u t i o n  fo l lo w s  th e  same s t e p s  o u t l i n e d  b e f o r e
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b u t  i t  i s  much s im p le r .
X^Cp )= a  %*(p) + 3  SJ(P ) P >
— “ Fp (P) + 3 G (p)
P ->■ 00
and
x J(P )  = c xJ j,Cp )
c e X/c {F^(p) + cjj, [G^Cp ) + iF % (p )])  ■ (4 .35 )
P -» ®
Then, once a and 3 a r e  de te rm ined  from e q u a t io n  ( 4 .3 4 ) ,  i s  s im ply  
= 3 / ( a - i 3 )  . (4 .36 )
T h is  m o d if ie d  m atching  p ro c e d u re  has  been in t ro d u c e d  in  G oddard 's  
e l a s t i c  s c a t t e r i n g  computer code DDTP [Go 77].  In  th e  absence  o f  long 
range  p o t e n t i a l s  i t  y i e l d s  th e  same r e s u l t s  as th e  u s u a l  m atching  
te c h n iq u e .
Comparison between th e  r e s u l t s  o f  t h e  two methods f o r  th e  c a l c u l a t i o n  
o f  c] - - i s  d i s p la y e d  in  F ig u re  4 .2  f o r  th e  r e a c t i o n  ^^^Pb (3 ,d )  a t  
E j  = 8MeV, when th e  R ^ and R""  ^ ( c e n t r a l  and T^) te rm s o f  C h ap te r  3 a re  
added to  th e  r e a l  c e n t r a l  Watanabe i n t e r a c t i o n .  S im i la r  r e s u l t s  were 
o b ta in e d  f o r  th e  o f f - d ia g o n a l  e lem en ts  and f o r  E^ = 7, 9 MeV. The 
s c a t t e r i n g  m a t r ix  c a l c u l a t e d  w ith  t h e  o ld  m a tch ing  r o u t i n e  te n d s  t o  th e  
v a lu e s  o b ta in e d  w ith  th e  p r e s e n t  approach  as  t h e  m atch ing  r a d i u s ,  R^, 
i n c r e a s e s .  Indeed ,  our method co r re sp o n d s  to  R^ b e in g  a t  i n f i n i t y .  In  
l i n e  w ith  th e  d i s c u s s io n  a t  th e  end o f  S e c t io n  4 . 2 ,  th e  v a lu e  o f  R^ f o r  
which e q u a t io n  (4 .30 )  i s  so lv ed  d e te rm in e s  t h e  acc u racy  o f  t h e  f u n c t io n s  
and and t h e r e f o r e  o f  th e  a m p li tu d e s  o f  c j ^ ^  f o r  each As
R^ i n c r e a s e s ,  more C^^^ w i l l  be a c c u r a t e l y  d e te rm in e d ,  b u t  th e  v a lu e s  f o r  
low er £ ,£ "  rem ain  f ix e d ,  th u s  e x h i b i t i n g  t h e i r  independence  on th e  ch o ice
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R ea l c e n t r a l  Watanabe p o t .
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F igu re  4 .2 .  C a lc u la te d  e l a s t i c  a m p li tu d e s  I _ I o b ta in e d  as  a
J - 1 , 3 - 1 '
f u n c t io n  o f  m atching  r a d i u s ,  R^.
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o f  R^. On t h e  c o n t r a r y ,  a l l  th e  o b ta in e d  v i a  th e  u s u a l  p ro ced u re
change when R^ in c r e a s e s .  . The c o r re s p o n d in g  e f f e c t s  on th e  o b se rv a b le s  
a r e  shown in  F ig u re  4 .3 .
4 .4 .  The s c a t t e r i n g  am plitude  in  CWBA
C a l c u la t io n s  in c lu d in g  long  ran g e  p o t e n t i a l s  a re  v e ry  tim e consuming 
s in c e  th e y  r e q u i r e  th e  i n c lu s io n  o f  many p a r t i a l  waves. I t  i s  t h e r e f o r e  
u s e f u l  to  have a q u ic k e r  method to  o b t a in  t h e  e lem en ts  o f  t h e  s c a t t e r i n g  
m a tr ix ,  a t  l e a s t  f o r  some v a lu e s  o f  £ .  T h is  can be accom plished  w ith  th e  
CWBA as  fo l lo w s .
For a p o t e n t i a l  V = + U, th e  d e v i a t i o n  (Af) o f  th e  s c a t t e r i n g
am plitude  from t h a t  o f  th e  p u re  Coulomb case  i s ,  t o  f i r s t  o r d e r  i n  U, th e  
u s u a l  CWBA e x p re s s io n
Af = - | jy(2iiR^) < I U I , (4.37)
where ( k ) i s  a  p u r e ly  Coulomb d i s t o r t e d  wave.
“ X—1 ^When U i s  o f  th e  form W(X) R O , a  p a r t i a l  wave ex pans ion  o f  th e  
Coulomb f u n c t i o n  g iv e s  f o r  th e  s c a t t e r i n g  m a t r ix  e lem en ts
c L -  = - < jS, '  I W(X)o |  j i  > M ( - X - l ; t ,& ' ) ,  (4.38)
where
2 ”  X IM(-X-l;&,&") = k"^ ^ dR F ^ ,  (kR) R" F ^ (kR) . (4 .39 )
P rov ided  Z + Z '  > X, th e  M(-X-l;&,&^) can be w r i t t e n  in  c lo se d  from [A1 5 6 ] ,  
and f o r  th e  p o t e n t i a l s  o f  g r e a t e s t  i n t e r e s t  (which have X = 2 ,3 )  th e y  a r e  
e x p l i c i t l y  g iv e n  in  Appendix
We have a l s o  in t ro d u c e d  in  DDTP th e  f a c i l i t y  t o  e v a lu a te  th e  sca tte r i-ng  
m a tr ix  w i th in  th e  CWBA and to  u se  i t s  e lem en ts  w ith  £ g r e a t e r  th a n  a 
s p e c i f i e d  v a lu e  in  th e  c a l c u l a t i o n  o f  t h e  o b s e rv a b le s .  CWBA re p ro d u c e s
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F ig u re  4 .3 .  E f f e c t  upon th e  r e a c t i o n  o b s e rv a b le s  o f  t h e  v a lu e  o f  t h e
m atch ing  r a d i u s ,  R^. The cu rv es  a r e  as  d e f in e d  i n  F ig u re  4 .2
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w e ll  th e  a b s o lu t e  v a lu e  o f  th e  b u t  le a v e s  t h e i r  p h ases  u nde te rm ined .
Hence t h e  o b s e rv a b le s  a re .  s t r o n g l y  dependen t oh th e  c h o ic e  o f  as
shown in  F ig u re  4 .4 .  In  t h e  c a se  p r e s e n te d ,  t h e  d i f f e r e n c e s  between th e
r e s u l t s  o f  th e  f u l l  c a l c u l a t i o n  and one u s in g  CWBA become n e g l i g i b l e  f o r
-  15. S in ce  t h e  l a t t e r  method i s  much f a s t e r  (ap p ro x im a te ly  f i v e  t im es
in  o u r  c a s e ) ,  a p o s s i b l e  way o f  s h o r te n in g  th e  com puta tion  tim e i s , o n c e
has been o b ta in e d  from com parison w ith  a c a l c u l a t i o n  u s in g  th e  m o d if ied
m atching  p ro c e d u re ,  to  choose th e  minimum f o r  which th e  C^^^, a re
a c c u r a t e l y  d e te rm in ed  f o r  Z , Z ' < Z ^  by an o r d in a r y  c a l c u l a t i o n  ( e u s u a l
m atching) and u se  th e  v a lu e s  g iv en  by CWBA t h e r e a f t e r .  A good ch o ice  f o r
R i s  kR -  p - = n + [h^ + £ (£ +1)]^  which i s  a p p ro x im a te ly  s a t i s f i e d  m m c£ 0 ^ 0 '^ -' •'
by th e  cu rv es  o f  F ig u re  4 .2 .  The r e s u l t s  r e p o r t e d  in  P a r t  B, however, 
have been o b ta in e d  w ith  th e  p ro p e r  c a l c u l a t i o n  which in c lu d e s  th e  m atching  
p ro ced u re  o f  th e  p r e v io u s  S e c t io n .
CWBA would be p a r t i c u l a r l y  u s e f u l  i f  a  method cou ld  be found to  perfo rm  
a n a l y t i c a l l y  th e  sums o f  th e  s c a t t e r i n g  m a tr ix  e le m e n ts ,  r e q u i r e d  to  e v a lu a te  
th e  o b s e r v a b le s ,  when £ ex te n d s  t o  i n f i n i t y .
P a r t  B -  N um erical R e s u l t s
U nless  o th e rw is e  s t a t e d ,  th e  r e s u l t s  q uo ted  h e re  a r e  f o r  t h e  r e a c t i o n  
^^^Pb(cl,d) ^^^Pb a t  = 8MeV. S im i la r  c o n c lu s io n s  h o ld  f o r 'E ^  =. 7 MeV - 
and E^ *='9 MeV. The long  ran g e  p o t e n t i a l s  u sed  a r e  th o s e  o f  F ig u re s  3 .3  
and 3 .4 ,  and t h e  c a l c u l a t i o n s  were perfo rm ed  w ith  th e  code DDTP m o d if ie d  
as  d e s c r ib e d  above.
4 . 5 . 1 .  E f f e c t  o f  t h e  in n e r  r e g io n  o f  t h e  p o t e n t i a l s
To s tu d y  th e  e f f e c t  o f  t h i s  r e g io n  where t h e  p o t e n t i a l s  d e p a r t  from 
t h e i r  R ^  a s y m p to t ic  b e h a v io u r ,  th e  o b s e rv a b le s  (c ro s s  s e c t i o n  and a n a ly s in g  
powers) were d e te rm in ed  u s in g  th e  i n t e r a c t i o n s  o f  F ig u re  3 .5 .  The a sy m p to t ic
208,Pb ( d ,d ) 8 MeV
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F ig u re  4 .4 .  Comparison o f  th e  e x a c t  c a l c u l a t i o n  ( s o l i d  l i n e )  w ith  t h e  u s e ,  
f o r  i  > o f  th e  s c a t t e r i n g  m a tr ix  e lem en ts  g iv en  by CWBA.’
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1 /3p o t e n t i a l s  were " c u t ” and l e v e l l e d  a t  = 1.3A = 7.7fm (d o t te d  l i n e )
No n u c l e a r  p o t e n t i a l  was in c lu d e d .  The r e s u l t s  p roved  ^ s e n s i t i v e  to  th e  
cho ice  o f  t h e  c u t - o f f  r a d iu s  p ro v id e d  i t  was n o t  much b ig g e r  th a n  th e  
n u c l e a r  r a d i u s ,  a c o n c lu s io n  a l r e a d y  p o in te d  o u t  by Baur e t  a l [B a  77].
We f i n d  t h a t  t h e  i n c l u s i o n  o f  th e  p r o p e r  form o f  th e  p o t e n t i a l  
changes th e  c r o s s - s e c t i o n  by l e s s  th a n  0.1% and th e  t e n s o r  an a ly s in g  
powers by l e s s  th a n  4% (F ig u re  4 . 5 ) .  T h is  e f f e c t  d e c re a s e s  when th e  
energy  f a l l s  f u r t h e r  below th e  Coulomb b a r r i e r  (F ig u re  4 . 7 ) .  The use  
o f  th e  a s y m p to t ic  form i s  t h e r e f o r e  j u s t i f i e d .
4 . 5 .2 .  E f f e c t  o f  th e  p o t e n t i a l s  i n  R and R
— 7 -8As shown in  F ig u re  4 .5 ,  th e  i n c l u s i o n  o f  th e  R and R~ te rm s has 
n e g l i g i b l e  e f f e c t s  on th e  r e a c t i o n .  The changes a re  l e s s  th a n  0.6% in  
th e  c r o s s - s e c t i o n  and l e s s  th a n  4% i n  th e  t e n s o r  a n a ly s in g  powers and 
d e c re a se  a s  th e  ene rgy  d e c re a s e s  (F ig u re  4 . 7 ) .  Hence i t  i s  s u f f i c i e n t  
t o  c o n s id e r  o n ly  th e  p o t e n t i a l s  i n  R ^ and R T h is  j u s t i f i e s ,  a
p o s t e r i o r i ,  t h e  t r u n c a t i o n  o f  th e  m u l t ip o l e  s e r i e s .
4 . 5 . 3 .  E f f e c t  o f  t h e  m o d if ied  fo ld e d  p o t e n t i a l s
Due t o  t h e i r  s h o r t  ran g e  th e  components o f  do n o t  a p p r e c ia b ly
change th e  v a lu e s  o f  th e  o b s e rv a b le s  a t  t h e s e  low e n e r g i e s .  In
p a r t i c u l a r ,  t h e  s p i n - o r b i t  te rm  canno t acc o u n t f o r  th e  s ig n  anomaly o f
iT ^ j  : a t  E^ = 8 MeV, th e  measured v e c t o r  a n a ly s in g  power has  o p p o s i te
s ig n  to  t h a t  p r e d i c t e d  by th e  Watanabe s p i n - o r b i t  p o t e n t i a l  and i t  does
n o t  change w ith  t h e  i n c l u s i o n  o f  th e  s p i n - o r b i t  p a r t  o f  I t  h a s  been
r e c e n t l y  d em o n stra ted  [To 83] t h a t  t h e  mechanism which p roduces  th e
o b se rved  iT^^ i s  n o t ,  in  f a c t ,  t h i s  s p i n - o r b i t  p o t e n t i a l ,  b u t  th e  co u p l in g
209o f  th e  e l a s t i c  channe l to  weakly bound n e u t ro n  t r a n s f e r  ch an n e ls  o f  Pb. 
The same p ro c e s s  i s  v a l i d  f o r  E^ = 9 MeV.
208Pb ( d ,d )  E j  = 8 MeV
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F ig u re  4 .5 .  E f f e c t  upon th e  r e a c t i o n  o b s e r v a b le s :  1) Of th e  h ig h e r  o r d e r  
p o t e n t i a l s  and 2) o f  t h e  u se  o f  th e  a s y m p to t ic  form o n ly .  
(The d o t t e d  l i n e  c o in c id e s  w i th  t h e  s o l i d  cu rve  f o r  o /o ^  and 
w ith  th e  dashed f o r  ^^ 2 0 '* d a s h -d o t t e d  l i n e  c o in c id e s  w i th
th e  s o l i d  cu rve  f o r
—62—
4 . 5 .4 .  E f f e c t  o f  t h e  p o t e n t i a l s  i n  R ^ and R ^
F ig u re  4 .6  shows th e  s i g n i f i c a n t  e f f e c t  upon th e  r e a c t i o n  o b se rv a b le s
o f  adding  th e  long  ran g e  c e n t r a l  and p o t e n t i a l s  i n  R ^ and R ^ to  th e  
Watanabe f o ld i n g  model i n t e r a c t i o n .  The d a t a  [S t 79, Ka 81] shown a re
f o r  r e f e r e n c e  o n ly  and no a t tem p t was made to  f i t  them, e . g .  by u s in g
phenom enological n u c l e a r  p o t e n t i a l s .
In  F ig u re  4 .7  we p r e s e n t  th e  v a r i a t i o n  w ith  ene rgy  o f  th e  e f f e c t ,
upon th e  c r o s s - s e c t i o n  and t e n s o r  a n a ly s in g  power T^^, o f  t h e  i n c lu s io n  
-4o f  th e  R te rm . I t  i s  obvious t h a t  t h i s  i s  a  much l a r g e r  c o n t r i b u t i o n  
th a n  t h e  a d d i t i o n a l  c o r r e c t i o n s  d i s c u s s e d  i n  4 . 5 .1  and 4 . 5 .2  above.
In  c o n c l u s i o n , t h e s e  r e s u l t s  show t h a t ,  o f  t h e  numerous long  range  
p o t e n t i a l s  and m o d i f i c a t io n s  to  th e  Watanabe i n t e r a c t i o n ,  
o r i g i n a t e d  from th e  c o r r e c t  t r e a tm e n t  o f  th e  Coulomb p o t e n t i a l ,  e l a s t i c  
s c a t t e r i n g  c a l c u l a t i o n s  r e q u i r e  th e  i n c l u s i o n  i n  th e  o p t i c a l  p o t e n t i a l ,  
i n  a d d i t i o n  to  o f  th e  a sy m p to t ic  forms o f  and o n ly ,  i . e .
3 /2  Qj Ze R‘  ^ -  (Ze)^/2 R"" + 3a^ . (4 .40)
For r e a c t i o n s  w i th  Coulomb p a ra m e te r  l a r g e r  th a n  on e ,  c l a s s i c a l  
methods can be u sed  t o  a s s e s s  th e  e f f e c t s  o f  t h e s e  p o t e n t i a l s  upon th e  
o b s e rv a b le s .
Baur e t  a l  [Sa 77] c a l c u l a t e d  th e  e f f e c t  o f  th e  R ^ c e n t r a l  te rm  
on th e  c r o s s  s e c t i o n  by means o f  a c l a s s i c a l  f i r s t  o r d e r  p e r t u r b a t i o n  
app roach ,  i n  which c a se  th e  d e v ia t io n  from p u re  R u th e r fo rd  s c a t t e r i n g  
can be e x p re s s e d  a n a l y t i c a l l y .  The r e s u l t s  o f  t h i s  c l a s s i c a l  t r e a tm e n t  
ag ree  w i th  a quantum m echanica l c a l c u l a t i o n  w i th in  a few p e r c e n t .  '
We have a l s o  u t i l i s e d  c l a s s i c a l  p e r t u r b a t i o n  th e o ry  t o  e s t im a te  th e  
e f f e c t  o f  t h e  t e n s o r  R ^ term  upon th e  a n a ly s in g  pow ers .  Making u se  
o f  th e  e x p re s s io n  g iv e n  by Clement [Cl 70] f o r  th e  d e v i a t i o n  o f  th e
“3c ro s s  s e c t i o n  from th e  R u th e r fo rd  fo rm ula  caused  by a p o t e n t i a l  in  R ,
208Pb ( d ,d )  E = 8 MeV a
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F igu re  4 .6 .  E f f e c t  o f  adding  to  t h e  c e n t r a l ,  s p i n - o r b i t  and te rm s  o f  
t h e  Watanabe fo ld e d  p o t e n t i a l  (dashed  l i n e )  th e  long  ran g e  
te rm s i n  R ' (Tj^) and R"4(c+T%) ( s o l i d  l i n e ) .
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F ig u re  4 . 7 .  P e rc e n ta g e  changes . A, a s  a f u n c t io n  o f  en e rg y ,  upon th e  c r o s s -
-4s e c t i o n  and caused  by th e  s u c c e s s iv e  i n c l u s i o n  o f  th e  R
 ^y _g
and th e  R + R p o t e n t i a l s  and by th e  u se  o f  t h e  a sy m p to t ic  
-4form f o r  R . A was o b ta in e d  from a v e ra g in g  f o r  backward a n g le s  
(160°S63i80°) .
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and o f  t h e  d e f i n i t i o n  o f  t h e  t e n s o r  a n a ly s in g  power in  te rm s o f  
a l ig n e d  c ro s s  s e c t i o n s  [Kn 77, F i 8 1 ] ,  we o b ta in e d  an a n a l y t i c  e x p re s s io n  
f o r  a s  a  f u n c t io n  o f  th e  r e a c t i o n  a n g le .  N u m er ic a l ly ,  t h i s  r e s u l t  
d i f f e r s  from th e  f u l l  quantum m e ch an ic a l  c a l c u l a t i o n  by l e s s  th a n  4% a t  
backward a n g le s  f o r  S MeV - -  8 MeV. T22 and 7^2 can be deduc ted  from
T2Q u s in g  th e  r e l a t i o n s  g iven  by F ick  [Fi 8 1 ] .
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CHAPTER 5 -  SYSTEMATIC INVESTIGATION OF THE ELECTRIC POLARIZABILITY
I t  was shown in  C hap ter  4 t h a t ,  o f  t h e  d i f f e r e n t  te rm s  o f  th e
Coulomb p o t e n t i a l  V^^ o b ta in e d  i n  C hap te r  3 , o n ly  th e  a sy m p to t ic  p a r t
o f  V^^ (R~^T^) and V^^ (R ^ T^ and c e n t r a l )  a p p r e c ia b ly  a f f e c t  th e
c a l c u l a t e d  r e a c t i o n  o b s e rv a b le s  i n  low energy  s c a t t e r i n g .  S in ce  th e r e
i s  no am b ig u i ty  i n  th e  s t r e n g t h  o f  V^^, which i s  d e te rm in e d  by th e
d eu te ro n  q u ad ru p o le  moment ( e q u a t io n  (3.78)), we s h a l l  c o n c e n t r a te  now
2
on th e  e v a l u a t i o n  o f  V^^. In  p a r t i c u l a r ,  we need  t o  i n v e s t i g a t e  w hether ,
i n  th e  p r e s e n te d  c a l c u l a t i o n ,  any s i g n i f i c a n t  model dependence has  been
imposed upon th e  o b ta in e d  v a l u e s .
The method d e s c r ib e d  i n  C hap te r  3 ,  which was deve loped  t o  en ab le  th e
c a l c u l a t i o n  o f  th e  h ig h e r  o r d e r  te rm s in  V^^, r e l i e d  upon th e  u se  o f  s t a t e
dependent s e p a ra b le  i n t e r a c t i o n s ,  b o th  t o  r e p r e s e n t  t h e  continuum and to
g e n e ra te  th e  d e u te ro n  w a v e fu n c t io n ,  The i n t e r a c t i o n s  u sed  t h e r e  a r e
r e a l i s t i c  i n  t h e  se n se  t h a t  th e y  were chosen so a s  t o  rep ro d u c e  th e
e x p e r im e n ta l  low energy  n -p  ph ase  s h i f t s  [Mo 69] and d e u te ro n  ground s t a t e
p r o p e r t i e s  [P i 7 4 ] .  However, i n  o r d e r  t o  pe rfo rm  a  s y s t e m a t ic  s tu d y  o f  th e
2s e n s i t i v i t y  o f  th e  c a l c u l a t e d  V^^ t o  t h e  d e t a i l s  o f  and th e  continuum
n -p  i n t e r a c t i o n ,  u s in g  th e  b e s t  a v a i l a b l e  t h e o r e t i c a l  d e u te ro n  w avefunc t ion
(e .g .  t h a t  o f  t h e  P a r i s  p o t e n t i a l  [La 81]) we need  to  remove t h i s  c o n s t r a i n t .  
2
As o n ly  V^^ i s  r e q u i r e d ,  i n  t h e  p r e s e n t  s e c t i o n  i t  i s  t h e r e f o r e  co n v e n ie n t  t o  
fo l lo w  th e  p ro c e d u re  o f  many p r e v io u s  a n a ly se s  ( e .g .  [Ra 53 ])  and to  
c a l c u l a t e  d i r e c t l y
v L  = < +d I AVi Q %  AV, I > , (5 .1 )
where AV  ^ i s  th e  d ip o l e  te rm  o f  AV (e q u a t io n  ( 3 . 4 ) ) .
5 .1 .  D e f in i t i o n s  and s i m p l i f i c a t i o n s
To e v a lu a te  e q u a t io n  (5 .1 )  we r e p l a c e  Q by a com plete  s e t  o f  continuum
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n -p  s t a t e s .  Showing th e  a n g u la r  momentum c o u p l in g  e x p l i c i t l y ,  t h i s  
e q u a t io n  can be r e w r i t t e n  s c h e m a t ic a l ly  as
Voc = 5 I dk + \|A V j% >A jrA V j"s^ +% > /(-e^ -E p  .
(5 .2 )
3 3 3w ith  a k -dependence i m p l i c i t  i n  th e  in t e r m e d i a t e  L j(=  P j+ ^ j2 F j)  s t a t e s  
I n s e r t i o n  o f  th e  a s y m p to t ic  (R -»■ “ ) form o f  AV^  i n  th e  above 
e q u a t io n  y i e l d s  e q u a t io n  ( 3 .7 9 ) ,
Vgg = -  (Ze)Z /2  CO(, + Tj^) R"'* . (5 .3 )
We now d e f in e  components o f  and a ^ ,
a .  = Z Op ,  i= c ,T  , (5 .4 )
^ A ,£ '= o ,2
l i n e a r  and q u a d r a t i c  i n  t h e  8 and D s t a t e s  o f  t h e  d e u te ro n ,  i n  o r d e r  t o  
d i f f e r e n t i a t e  between th e  i n d i v i d u a l  c o n t r i b u t i o n s  o f  th e s e  s t a t e s  t o  th e  
p o l a r i z a b i l i t y .  These components a r e ,
^ dk k ^ / ( k W )  i ^ ^ , ( k )  (5 .5 )
where, u s in g  t h e  n o t a t i o n  o f  C hap te r  3 ,
ï p - . ( k )  = 27t/ 9 2pe^/R^ Z A ( i ,M )8 ( J W ^ &M1)g (J^&"J1 "Ml)
LL'JM
X ? IjTT^^Ck) I (k) , (5 .6 )
and
A(i,M) = I 1 i= c
y s T J  <1M20/1M> i=T , (5 .7 )
IjL L - ®  = é dr ,(%.?) "&(?) • (S-S)
H ere, U j^ ^ ^ ^ (k , r )  r e p r e s e n t s  th e  r a d i a l  w a v e fu n c t io n  o f  th e  r e l a t i v e  n -p
2 2s t a t e ,  w ith  energy  = h k / ( 2 y ) ,  n o rm a l is e d  a c c o rd in g  to
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■ » ■ " }  =  / 2 / i t  { j j ^ ( k r )  +  T ^ ^ , , ( k )  h ^ ^ ^ C k r ) } .
(5 .9 )
3
The dom inant in t e r m e d i a t e  s t a t e s  a r e  th e  P j  c o n f i g u r a t i o n s .  The
c a l c u l a t i o n s  have shown t h a t ,  f o r  th e s e  s t a t e s ,  t h e  in t e g r a n d  in
eq u a t io n  (5 .5 )  peaks  f o r  k -  0 .2  fm  ^ (see  F ig u re  5 . 4 ) .  For t h i s  low
energy b re a k u p ,  t h e  e x p e r im e n ta l  J=2 m ixing  p a ra m e te r  i s  v e ry  sm a ll  [Mo 69]
3 3and th u s  e f f e c t s  due t o  P^ -  F^ co u p l in g  can s a f e l y  be n e g l e c t e d .  The
3 3term  i n  e q u a t io n  (5 .5 )  a r i s i n g  from = F^, which i s  q u a d r a t i c  i n  th e
3
D s t a t e ,  was e s t im a te d  assuming p la n e  waves f o r  th e  F^ s t a t e s .  I t  i s  more
th an  300 t im e s  s m a l l e r  th a n  th e  c o r re sp o n d in g  c o n t r i b u t i o n  t o  from
3
P waves. In  t h e  fo l lo w in g ,  t h e r e f o r e ,  we c o n s id e r  o n ly  P j c o n f ig u r a t i o n s  
and s h a l l  om it t h e  i n d i c e s  L=L^=L^^=1 ( e q u a t io n s  ( 5 .6 ) - ( 5 .9 ) ) ,  
where t h e r e  i s  no r i s k  o f  am b ig u ity .
3
The p r e s e n t  o f  t h e  r  f a c t o r  i n  th e  in t e g r a n d  o f  e q u a t io n  (5 .8 )  
su g g e s ts  t h a t  t h e  long  ran g e  p a r t s  o f  t h e  d e u te ro n  w av e fu n c t io n ,
u ^ ( r )  = Ag e ^ ^ / r  (5 .1 0 )
UgCf) = e ”^ / r  [ l + 3 / ( y r ) + 3 / ( y r ) ^ ]  , (5 .1 1 )
&
w i l l  be o f  p a r t i c u l a r  im portance  in  d e te rm in in g  th e  I j ( k )  and hence 
and a^ . We s h a l l  th u s  i n v e s t i g a t e  th e  r e l a t i o n  o f  ^  w i th  A^ and r\.
In  th e  f o l lo w in g  we adop t th e  co n v en t io n  o f  [Ra 53] and u s e  S,D to  
l a b e l  th e  r a t h e r  th a n  o ,2 .
5 .2 .  I n v e s t i g a t i o n  o f  model dependence
5 .2 .1 .  A n a ly s is  o f
The c e n t r a l  component o f  t h e  p o l a r i z a b i l i t y  has  been d e te rm in e d  by
a number o f  a u t h o r s ,  u s in g  d i f f e r e n t  methods and a d o p tin g  v a r io u s  wave-
fu n c t io n s  f o r  t h e  d e u te ro n  ground s t a t e .  In  T ab le  5 .1  we g iv e  a summary
o f  th e s e  c a l c u l a t i o n s ,  a l s o  i n d i c a t i n g  w hether  a m o d if ied  w av e fu n c t io n  ^
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TABLE 5 .1 .
P u b lish ed  v a lu e s  o f  t h e  c e n t r a l  component o f  th e  p o l a r i z a b i l i t y ,  a^ ,  
o b ta in e d  by th e  m en tioned  a u th o rs  w i th  th e  method i n d i c a t e d .  /  co rre sp o n d s  
to  th e  e v a lu a t io n  o f  a  m o d if ied  d eu te ro n  w av e fu n c t io n .
Reference Method ^ D euteronw av efu n c t io n
Ramsey e t  a l .  
[Ra S3]
P e r t u r b a t i o n  th e o ry  + 
F ree  p a r t i c l e  G reen’ s 
f u n c t io n
H ulthen 0 .5 6
Sawicki 
[Sa 54]
K irkw ood 's  v a r i a t i o n ­
a l  method
H ulthen
Wilson
0 .32
0.21
Downs 
[Do 55]
V a r i a t i o n a l  method +
a) F ree  p a r t i c l e  
G reen’s f u n c t io n  /
b) = sq u a re  w e ll  /
H ulthén
H ulthén
0 .56*
0 .5 8
Clement 
l e t  623
D i r e c t  s o l u t i o n  o f  th e  
r e l a t i v e  S ch ro d in g e r  /  
e q u a t io n  + A d ia b a t ic  
ap p ro x im a tio n
G aussian
W ilson
H u lthen
H ulthén
H ulthén
0 .075
0 .445
0.42%
0.622%
0.629%
Baur e t  a l  
[Ba 77]
A d ia b a t ic  app ro x im atio n  _ 
+ P e r t u r b a t i o n  Theory 
+ F ree  p a r t i c l e  G reen 's  
f u n c t io n
H ulthén 0 .6 0
Levinger 
[Le 57]
From th e  in v e r s e  energy  
w e ig h ted  photo-sum
0 .6 4
Arenhovel 
[Ar 77]
Hamada-John.
Reid
B ryan -Gerste n
0 .615
0.622
0 .628
a) Downs q u o te s  Ramsey’ s v a lu e
b) O btained  w ith  d i f f e r e n t  e f f e c t i v e  ran g e s  f o r  th e  t r i p l e d  even 
c e n t r a l  f o r c e
c) I t  i s  a c t u a l l y  Devins’ w avefunc tion
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was e v a lu a te d .
Our c a l c u l a t i o n s  show t h a t  i s  e n t i r e l y  de te rm ined  by dgg; 
c c2Ugp + Qpp c o n t r i b u t e  l e s s  th a n  0.5% and w i l l  n o t  be c o n s id e re d
in d i v i d u a l l y  i n  th e  fo l lo w in g .
was e v a lu a te d  u s in g  d i f f e r e n t  model d eu te ro n  w av e fu n c t io n s  and
Mongan's case  I r a n k -2  s e p a ra b le  p o te n t ia l (A p p e n d ix  B) t o  g e n e ra te  th e
in te rm e d ia te  P s t a t e s .  The v a lu e s  o b ta in e d  to g e th e r  w ith  th o s e
p r e v io u s ly  r e p o r t e d  i n  th e  l i t e r a t u r e  a r e  l i s t e d  in  Tab le  5 . 2 ,  where
th e  r e l e v a n t  p a ra m e te rs  o f  t h e  d e u te ro n  w avefunc t ions  u sed  a re  a l s o
2in c lu d e d .  In  F ig u re  5 .1 ,  i s  p l o t t e d  a s  a  f u n c t io n  o f  A^ f o r  th e  same
2w av efu n c t io n s .  The approx im ate  p r o p o r t i o n a l i t y  between and Ag ( a l s o
2
shown i n  F ig u re  5 .3 )  t r a n s l a t e d  by th e  e m p i r ic a l  r u l e  = 0 .8 1  Ag
in d i c a t e s  t h a t ,  as ex p e c te d ,  i t  i s  th e  a s y n p to t i c  p a r t  o f  t h a t
2 - cde te rm ines  I j  (hence I^^^  and a ^ ) .
The v a lu e  o f  th e  p r o p o r t i o n a l i t y  c o n s ta n t  can be u n d e rs to o d  i f  we
c a l c u l a t e  Ugg u s in g  th e  a sy m p to t ic  form o f  t h e  w avefunc tion  f o r  2=o
e x t r a p o la t e d  f o r  sm a l l  r  and p la n e  waves f o r  th e  in t e r m e d ia te  P s t a t e s .
Then
Cgg = 2p e W  Ag/(64Y^3 (5 .1 2 )
which, upon s u b s t i t u t i o n  o f  th e  c o n s t a n t s  by t h e i r  n u m e rica l  v a l u e s ,  
g iv es
Ogg ^  0 .81  Ag (5 .1 3 )
To f u r t h e r  i n v e s t i g a t e  th e  im p o r tan ce  o f  th e  sm all  r  r e g io n ,  we 
modify th e  d e u te ro n  w avefunc t ion  n e a r  th e  o r i g i n  by means o f  a f i n i t e  
range  u n i t a r y  t r a n s f o r m a t io n .  D enoting  th e  t ra n s fo rm in g  f u n c t i o n  by g ( r ) ,  
th e  new w a v e fu n c t io n ,  u^ ,  becomes
( r )  = u ^ ( r )  -  2 g ( r )  /  ds s ^ g ( s )  u ^ (s )  , (5 .1 4 )
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TABLE 5 .2
V alues o f  a ^ ,  and th e  r a t i o  a^/Ag c a l c u l a t e d  w ith  th e  
d eu te ro n  w av e fu n c t io n s  ( w .f . )  and th e  i n t e r m e d i a te  s t a t e s  (IS) 
i n d i c a t e d .
R eference D euteron w . f . * s ,( fm -i)
IS
(a)
a
(fm3)
UfXlO
(fm^) M â )
Ramsey H ulthen P.W. 0 .5 6 0 .2 7 0.803%
e t  a l . Pp=4%
Downs H ulthen 0.8318 P.W. 0 .5 6 — . 0.809
Pp=4% S.W. 0 .5 8 — 0 .838
Clement H ulthen 0.8751 P.W. 0 .622 0 .812Pj,=4% 0.8798 0 .629 - 0 .812
Baur e t  a l . H u lthen
Pj,=0% 0.8677 P.W.
0 .6 0 - 0 .797
P re s e n t 0 .606 - 0 .805
work
H ulthen 0.8722 0 .617 0 .320 0 .811^
Pd=4% 0.8728 M 0.617 0.319 0 .8 1 0 ^
0.8663 0 .609 0 .313 0.811®
P ie p e r M 0 .617 0 .324 0 .809
P re s e n t
work
Pj^=6.5% 0.8735 PW
R
0.619
0 .617
0 .367
0 .327
0 .811
0 .809
Reid 0.8776 M 0.621 0 .324 0 .807Pj^=6.5% P.W. 0 .623 0 .367 0 .809
P a r i s 0 .8869 M 0.633 0 .327 0 .805Pd=6% P.W. 0 .635 0.371 0 .808
a) P.W. = p la n e  waves; M(R) = Mongan (Reid) P waves; S.W. = g e n e ra te d  
i n  a s q u a re  w e l l .
b) from th e  a n a l y t i c  e x p re s s io n  e q u a t io n  (19) i n  [Ra 5 3 ] .
c ) , d ) , e) co re  r a d iu s  ( fm ) : 0 .5 5 ,  0 .4 0 ,  0 .5 0 .
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fm'c
0 .7 0
#  ' Downs H ulthen
M L e v in g e r P ie p e r
Clement R,erd s o f t  co re
▼ Baur e t  a l . P a r i s0 ,6 6
0 .6 4
0 .6 2
0 .6 0
0 .5 8
0 .5 6
0.70 0 ,7 2 0 .7 4 0 .7 6  
Ag
0 .7 8 0 .8 0
F igu re  5 .1 .  C a lc u la te d  d eu te ro n  c e n t r a l  p o l a r i z a b i l i t i e s ,  a , f o r  a
number o f  d eu te ro n  w a v e fu n c t io n s ,  p l o t t e d  v e r s u s  th e  sq u a re  
. o f  th e  a sy m p to t ic  S - s t a t e  n o r m a l i z a t io n ,  Ag. The s o l i d  l i n e  
has  g r a d i e n t  O .Slfm^. The dashed  l i n e  r e p r e s e n t s  t h e  e x p e r i ­
m e n ta l ly  o b ta in e d  v a lu e .  The p o in t  above B a u r’s r e s u l t  
co rre sp o n d s  to  a r e c a l c u l a t i o n  o f  h i s  v a lu e .
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2 2and i t s  n o r m a l i z a t io n  i s  unchanged p ro v id e d  g ( r )  s a t i s f i e s  / d r  r  g ( r )  =1. 
Beyond 2fm, f o r  g iv e n  Ag and n , th e  a re  e s s e n t i a l l y  d e te rm ined  by th e
t a i l  o f  th e  one p io n  exchange p o t e n t i a l  (OPEP) and must t h e r e f o r e  rem ain
f ix e d .  Thus we make g [ r )  = o f o r  r  > = 2 fm. For r  < R^, o f  th e
i n f i n i t e  p o s s i b l e  c h o ic e s ,  we adop t th e  f u n c t io n  o f  A llen  e t  a l .  [Al 78]
g ( r )  = C (R^ -  r)® (1 -  HT) (5 .15 )
Here a > 1 e n s u re s  t h a t  and d u ^ /d r  a re  c o n tin u o u s  a t  r  = R^ and 
th e  p a ra m e te r s  N,*< a l low  us to  g e n e ra te  a fa m i ly  o f  t r a n s f o r m a t io n s .
For s i m p l i c i t y  we ta k e  N=o, i n  which case  t h e  n o r m a l i z a t io n  c o n s ta n t  C 
becomes
C = { [(2a+ l) /R Q 2a+ l][ i_K R Q /(a+ l)  -  ((2a+3) (a+1)
(5 .16)
For th e  c a l c u l a t i o n s  we chose a=1.5  and v a r i e d  k  i n  t h e  ran g e  -5  t o  +5.
The p e rc e n ta g e  changes in  a^ ,  shown, as a f u n c t io n  o f  K ,  i n
F igu re  5 .2  f o r  t h e  case  o f  g e n e ra te d  by th e  35D1A p o t e n t i a l  o f  [P i 74 ] ,
a re  s m a l le r  th a n  1.5% and g e n e r a l ly  n e g a t iv e .  T h is  r e s u l t  d em o n s tra te s
th e  v e ry  l i t t l e  s e n s i t i v i t y  o f  t o  th e  u n c e r t a i n t i e s  i n  t h e  p r e c i s e  form
o f  t h e  d e u te ro n  w av efu n c t io n  a t  sm a ll  n -p  s e p a r a t i o n s .  I t  a l s o  i n d i c a t e s
t h a t  a w av e fu n c t io n  w ith  th e  r i g h t  a sy m p to t ic  b eh av io u r  and r e g u l a r  a t  th e
o r i g i n  c an n o t y i e l d  f o r  a v a lu e  exceed ing  th e  e m p i r ic a l  r e l a t i o n  
2= 0 .81  Ag r e g a r d l e s s  o f  i t s  d e t a i l e d  s h o r t  ran g e  form.
In  e f f e c t i v e  range  th e o ry ,  Ag i s  a w e ll  d e te rm in ed  q u a n t i t y  g iven
by
Ag = 2y/ (  , (5 .17 )
where p ( - e ^ , - e ^ ) ,  th e  d e u te ro n  e f f e c t i v e  range  e v a lu a te d  a t  th e  b in d in g  
en e rg y ,  i s  d e f in e d  in  e q u a t io n  (32) o f  [Sp 82 ] .  In  th e  shape dependent 
model, Kermode e t  a l .  [Ke 81] f i n d  Ag = 0 .8883 ± 0 .0044 fm ^ . Though
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0
2
“  5 - 3 ~2 —1 0 1
K
2 3 4  5
F igu re  5 .2 .  P e rc e n ta g e  changes i n  ( s o l i d  l i n e )  and a (dashed  l i n e )  as  
a f u n c t io n  o f  th e  u n i t a r y  t r a n s f o r m a t io n  p a ra m e te r  k.
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t h i s  v a lu e  may s t i l l  be o n ly  approx im ate  [Sp 82] i t  can be used  t o  p r e d i c t  
f o r  a c
= 0 .639  ± 0 .006  fm^. (5 .18)
An a l t e r n a t i v e  e s t im a te  o f  th e  p o l a r i z a b i l i t y  can be g iven  by 
the  i n v e r s e  energy  w eigh ted  pho to -sum , a - 2 ,  [Le 57, Ba 77 ] .  A 
p a r t i c u l a r l y  s im ple  fo rm ula  was d e r iv e d  by Lev inger [Le 57] u s in g  th e  
Bethe-Longmire e f f e c t i v e  range  c r o s s - s e c t i o n  f o r  th e  d e u te ro n  p h o to e f f e c t  
[Be 50]
«C = e ^ h ^ / ( 6 4 y e ^ ) [ l - Y p ( - e ^ , - e ^ ) ] " ^  (5 .19 )
Using e q u a t io n  (5 .17 ) t h i s  y i e l d s  e q u a t io n  (5 .1 2 ) .  S e v e ra l  a u th o rs  
[Ra 53, Cl 62, Ba 77] have a c t u a l l y  d e r iv e d  a n a l y t i c  e x p re s s io n s  f o r  
t h a t  co rre sp o n d  to  th e  p ro d u c t  o f  e q u a t io n  (5 .12) by a c o r r e c t i o n  f a c t o r  
t y p i c a l l y  o f  th e  o rd e r  0 .9 9 .  T h e re fo re ,  t h e  a p p a re n t  d is c re p a n c y  between 
t h e i r  r e s u l t s  i s  o n ly  th e  consequence o f  hav ing  u sed  f o r  t h e i r  c a l c u l a t i o n s  
d i f f e r e n t  v a lu e s  f o r  Ag and f o r  t h e  d e u te ro n  b in d in g  en e rg y .
In  F ig u re  5 .1 ,  th e  o n ly  c a l c u l a t i o n  p r e s e n t  which does n o t  obey th e
3
l i n e a r  r e l a t i o n  o f  e q u a t io n  (5 .1 3 )  i s  th e  v a lu e  0 .5 8  fm o f  Downs [Do 5 5 ] .
The re a so n  i s  t h a t  i t  was o b ta in e d  w i th  in t e r m e d ia te  s t a t e  w av e fu n c t io n s  Uj
g e n e ra te d  by a sq u a re  w e ll  p o t e n t i a l  w i th  a s t r e n g t h  and ran g e  a p p r o p r ia te
3 3f o r  th e  d e u te ro n  channe l ( S^- D ^) . The weak J -  dependen t P wave e f f e c t i v e  
i n t e r a c t i o n  i s  th e n  b e in g  r e p la c e d  by a s t r o n g  J - in d e p e n d e n t  p o t e n t i a l .  T h is  
r e s u l t s  i n  a c o n s id e r a b le  o v e r e s t im a te  o f  th e  e f f e c t  o f  t h e  P s t a t e s .  The 
a t t r a c t i v e  sq u a re  w e ll  " p u l l s  in "  th e  s c a t t e r i n g  f u n c t io n  t o  th e  r e g io n  
where th e  d e u te ro n  w av efu n c t io n  i s  l a r g e ,  hence in c r e a s in g  th e  o v e r la p  
o f  th e  two f u n c t io n s  i n  th e  in t e g r a n d  o f  e q u a t io n  (5 .8 )  and th e  v a lu e  o f  
a^ . That t h i s  i s ,  i n  f a c t ,  t h e  e x p la n a t io n  f o r  t h a t  abno rm a lly  h ig h  v a lu e .
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was a l s o  ’p ro v e d ’ by ou r  c a l c u l a t i o n  o f  u s in g  th e  p o t e n t i a l  o f
[Do 55] b u t  a d i f f e r e n t  ( P i e p e r ’ s) w a v e fu n c t io n  f o r  th e  d e u te ro n .  We
3 3found = 0 .641  fm i n s t e a d  o f  0 .6 1 7  fm when Mongan’ s i n t e r a c t i o n  was
used .  T h is  co rresp o n d s  to  an i n c r e a s e  o f  3.9% as compared to  th e  3.6%
o v e re s t im a te  o b ta in e d  by Downs. The p r e s e n t  c o n f ig u r a t io n  space  method
was a l s o  a p p l ie d  w ith  th e  s e p a r a b l e  i n t e r a c t i o n s  o f  C hap te r  3. The
c a l c u l a t e d  p o l a r i z a b i l i t y  r e p ro d u c e s ,  and hence c h ec k s ,  th e  r e s u l t s
o b ta in e d  in  th e  a l t e r n a t i v e  app roach  u sed  t h e r e .
As s t a t e d  e a r l i e r ,  o u r  c a l c u l a t i o n s  were perfo rm ed  u s in g  Mongan’s
case  I ran k -2  p o t e n t i a l s  f o r  th e  continuum  n -p  i n t e r a c t i o n .  These were
chosen because  th e y  a re  s im p le  n o n - lo c a l  i n t e r a c t i o n s  which rep roduce
th e  e x p e r im e n ta l  P wave phase  s h i f t s .  In  t h i s  c a s e ,  th e  i n t e r m e d ia te
s t a t e  f u n c t i o n s  Uj can be e x p re s s e d  in  a n a l y t i c  form. To a s s e s s  w hether
i s  a l s o  s e n s i t i v e  to  t h e  s h o r t  ran g e  b e h a v io u r  o f  th e  Uj we g e n e ra te d
3
th e se  f u n c t i o n s  w ith  a  d i f f e r e n t  i n t e r a c t i o n  -  R e id ’s l o c a l  P j  p o t e n t i a l
[Re 68] -  phase  e q u iv a le n t  t o  Mongan’ s b u t  hav ing  a  d i s t i n c t  o f f - s h e l l
b e h a v io u r .  S ince  changes by l e s s  th a n  0.1%, we conclude  t h a t  n -p
i n t e r a c t i o n s  re p ro d u c in g  th e  e x p e r im e n ta l  p hase  s h i f t s  a r e  e q u iv a le n t  f o r
th e  p u rp o se  o f  e v a lu a t in g  a^ .
We have a l s o  r e p la c e d  th e  f u n c t i o n s  Uj(k ,r) i n  e q u a t io n  (5 .8 )  by
s p h e r i c a l  B esse l  fu n c t io n s  j ^ ( k r ) ,  which co r re sp o n d s  to  u se  f o r  th e  G reen’ s
f u n c t io n  i n  e q u a t io n  (3 .2 )  t h a t  o f  a f r e e  p a r t i c l e .  In  t h i s  p la n e  wave 
£
l i m i t ,  I j  i s  in d ep en d en t o f  J  and we o b ta in  s im p le  e x p re s s io n s  f o r  th e
v a n is h e s  i d e n t i c a l l y ,  i n c r e a s e s  by on ly  = 0.3% th u s
showing t h a t  u s in g  p la n e  waves f o r  th e  in t e r m e d i a t e  s t a t e s  i s  a good
app rox im ation  f o r  i t s  e v a lu a t io n .
The p ro c e e d in g  a n a l y s i s  d e m o n s tra te s  t h a t  w i th  th e  p r e s e n t  knowledge
3o f  th e  n -p  i n t e r a c t i o n ,  a re a s o n a b le  u p p e r  l i m i t  f o r  i s  0 .645  fm ,
3which i s  s m a l l e r  th a n  th e  e x p e r im e n ta l ly  o b ta in e d  v a lu e  0 .7 0  ± 0 .0 5  fm .
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The e r r o r  b a r  accompanying th e  l a t t e r  i s  however to o  l a r g e  f o r  d e f i n i t e  
co n c lu s io n s  to  be drawn.
A new measurement o f  a , based  on p h o to - a b s o r p t io n  e x p e r im e n ts ,
3
has r e c e n t l y  been p u b l i s h e d  [Fr 83 ] .  The v a lu e  o b ta in e d ,  0 .61  ± 0 .0 4  fm , 
though a g a in  c a r r y in g  a l a r g e  e r r o r  b a r ,  i s  c o n s i s t e n t  w i th  th e  r e s u l t s  
p r e s e n te d  h e r e .
5 .2 .2 .  A n a ly s is  o f
T h is  a n a l y s i s  fo l lo w s  th e  same s t e p s  as t h a t  o f  and was perfo rm ed
f o r  th e  same d e u te ro n  wave fu n c t io n s  and V i n t e r a c t i o n s .  The r e s u l t snp
a re  g iven  i n  T ab le  5 .2  t o g e t h e r  w ith  th e  on ly  p re v io u s  e v a l u a t i o n  o f
T T[Ra 53 ] .  In  h e r e ,  t h e  main c o n t r i b u t i o n  comes from b u t ,  s in c e  a^g 
Tand r e p r e s e n t ,  r e s p e c t i v e l y ,  = 14% and 4% o f  a ^ ,  we must i n v e s t i g a t e
th e  b e h a v io u r  o f  a l l  th e  components w i th  th e  a sy m p to t ic  param etersA g and n.
T T TIn  F ig u re  5 . 3 ,  th e  v a lu e s  o f  Ogg, ocg  ^ and a r e  shown t o  depend
2 2 2 2ap p ro x im ate ly  l i n e a r l y  on Ag, nAg and h Ag r e s p e c t i v e l y .  We n o t e ,  i n
2
p a s s in g ,  th e  app rox im a te  co n s tan c y  o f  th e  p ro d u c t  nAg -  f o r  a l l  th e
-4  -1w avefunc tions  u sed  we found t h a t  i t  l i e s  i n  th e  i n t e r v a l  (200 ± 6)xlO  fm .
The d e t a i l s  o f  th e  s h o r t  range  p a r t  o f  th e  d e u te ro n  w av efu n c t io n  do n o t
in f lu e n c e  a s  i s  c l e a r  from F ig u re  5 . 2 ,  where th e  e f f e c t  o f  th e  u n i t a r y
t r a n s fo rm a t io n  d e s c r ib e d  b e f o r e  i s  shown to  be l e s s  th a n  1.5%.
I t  i s  a l s o  im p o r ta n t  t o  se e  how th e  components o f  and p a r t i c u l a r l y
Qgg, which v a n i s h e s  i d e n t i c a l l y  i n  th e  p la n e  wave l i m i t ,  depend on th e  ch o ice
o f  th e  continuum n -p  i n t e r a c t i o n .  The com parison between th e  in t e g r a n d  
To f  Ogg ( e q u a t io n  ( 5 .5 ) )  c a l c u l a t e d  w ith  in t e r m e d ia te  s t a t e  w av e fu n c t io n s
g e n e ra te d  by Mongan’ s and R e id ’s i n t e r a c t i o n s  i s  p r e s e n te d  i n  F ig u re  5 .4 .
The sm all  d i s c r e p a n c y ,  f o r  sm all  k ,  between th e  two c u rv e s ,  which y i e l d s
Ta 4% d i f f e r e n c e  in  th e  v a lu e s  o f  Og^, shows t h a t ,  i n  t h i s  c a s e ,  l i k e  f o r
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T T T Tand (Aa^^ < 0.4%, Aa^^ < 1%), p hase  e q u iv a le n t  n-p
p o t e n t i a l s  g iv e  ap p ro x im a te ly  t h e  same r e s u l t s .  The p la n e  wave l i m i t  i s
■ L  - L  ' 4  •
T T T Ta good ap p ro x im a tio n  to  e v a lu a te  a and a s in c e  2d + ol changes by
le s s  th a n  0.6% i n  t h i s  l i m i t .
5 .3 .  Summary
We have shown t h a t  a i s  i n s e n s i t i v e  t o  t h e  d e t a i l s  o f  th e  n -pc ^
i n t e r a c t i o n  chosen to  g e n e ra te  th e  s c a t t e r i n g  s t a t e s ,  b e in g  m ain ly  
d e te rm ined  by th e  low k b reakup  s t a t e s .  I t  i s  a c c u r a t e l y  c a l c u l a t e d  in  
th e  p la n e  wave l i m i t .
T TThe same i s  t r u e  o f  th e  dominant p a r t  o f  a^ .  a^ g ,  however,
c o n s t i t u t e s  an im p o r ta n t  c o n t r i b u t i o n  which must be o b ta in e d  w i th  a
r e a l i s t i c  J -d e p e n d e n t  i n t e r a c t i o n  f o r  t h e  continuum .
Both and a r e  a l s o  i n s e n s i t i v e  t o  t h e  s h o r t  range  b e h a v io u r  o f
th e  d e u te ro n  w av e fu n c t io n .  They obey th e  e m p i r ic a l  r u l e s
a  = 0 .81  Ag fin^, c S '
= Ag (1 .9n  -  2 .5n^  -  0 .006 )  fm^,
1 1
f o r  Ag and n i n  th e  ran g e  0 .8 3  fm % < Ag < 0 .8 9  fm *, 0 .025  < n < 0 .0 3 0 .  
With th e  abovem entioned v a lu e s  o f  Ag and n recommended by Kermode e t  a l  
[Ke 8 1 ] ,  th e s e  e q u a t io n s  g ive
= 0 .639  ± 0 .006  fm^ ,
= 0.(7333 ± 0 .0013  fm^.
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CHAPTER 6 -  CONCLUSIONS
We have s tu d i e d ,  i n  d e t a i l ,  t h e  e f f e c t  upon th e  b in d in g  energy  and 
i n t e r n a l  w avefunc t ion  o f  th e  d e u te ro n  o f  an a p p l ie d  non-un ifo rm  e l e c t r i c  
f i e l d .  In  p a r t i c u l a r ,  t h i s  s tu d y  i s  a p p l i c a b l e  to  th e  e l a s t i c  s c a t t e r i n g  
o f  low energy  d e u te ro n s  from heavy t a r g e t  n u c l e i .  The m o t iv a t io n  f o r  th e  
work i s  t h e  h ig h  q u a l i t y  e x p e r im e n ta l  d a ta  r e c e n t l y ,  and p r e s e n t l y  b e in g ,  
made a v a i l a b l e  b o th  f o r  d eu te ro n  e l a s t i c  s c a t t e r i n g  and d eu te ro n  induced  
t r a n s f e r  r e a c t i o n s  a t  sub-Coulomb e n e r g i e s .
The e l e c t r i c  f i e l d ,  which a c t s  o n ly  on th e  p r o to n ,  deforms o r
s t r e t c h e s  th e  r e l a t i v e  motion o f  th e  n e u t ro n  and p ro to n  in  th e  d e u te ro n .
I t s  su b se q u en t e f f e c t  upon th e  c e n t r e  o f  mass m otion o f  th e  d e u te ro n
can be r e p r e s e n t e d  by an o p t i c a l  p o t e n t i a l  which com prises  c o r r e c t i o n s  t o
th e  s t r o n g  n u c l e a r  Watanabe f o ld e d  p o t e n t i a l  and te rm s o f  an e n t i r e l y
Coulomb n a t u r e .  With th e  c o r r e c t  t r e a tm e n t  o f  th e  d e u te ro n  s p in  degree
o f  freedom , we have shown t h a t  t h e s e  com prise  c e n t r a l  and Tj  ^ t e n s o r
-3i n t e r a c t i o n s .  Only th e  te rm s t h a t  behave a s y m p to t i c a l ly  as  V^R and 
V^R"^ have been d is c u s s e d  p r e v io u s l y  and f o r  t h e  l a t t e r  o n ly  i t s  c e n t r a l  
p a r t .  The s o l u t i o n  o f  th e  SchrO dinger e q u a t io n  f o r  th e  c e n t r e  o f  mass 
motion o f  th e  d e u te ro n ,  i n  th e  p re s e n c e  o f  th e s e  and o th e r  d e r iv e d  long 
range  p o t e n t i a l s  p r o p o r t i o n a l  t o  powers o f  R r e q u i r e d  th e  developm ent 
o f  a new te c h n iq u e  f o r  th e  m atch ing  o f  th e  n u m e r ic a l ly  i n t e g r a t e d  wave­
fu n c t io n  t o  i t s  a sy m p to t ic  form and d e r i v a t i o n  o f  th e  n u c l e a r  S m a t r ix .  
Our a n a l y s i s  o f  th e  h ig h e r  o rd e r  Coulomb te rm s and o f  th e  n u c l e a r  
c o r r e c t io n s  th u s  c a r r i e d  o u t  showed t h a t  n e i t h e r  s i g n i f i c a n t l y  a f f e c t  th e  
r e a c t i o n  o b s e rv a b le s ,  p ro v id e d  < 7 MeV. Thus, f o r  d e u te ro n  e n e r g i e s  
Ej  ^ ^  7 MeV, i s  th e  q u a n t i t y  which needs t o  be i n v e s t i g a t e d  in  d e t a i l .  
The s c a l a r  and t e n s o r  components o f  d e f in e  th e  co r re sp o n d in g  c e n t r a l  
and t e n s o r  components o f  th e  d e u te ro n  e l e c t r i c  p o l a r i z a b i l i t y  and
— 82—
a has  been th e  fo cu s  o f  a t t e n t i o n  o f  s e v e r a l  a u th o rs  and t h e i r  c
3 3o b ta in e d  v a lu e d  spanned an enormous range  -  from 0.21fm to  0 .64fm  .
a.j, has n o t  been c o n s id e re d  p r e v io u s ly  as  such .  We have a n a ly se d  c a r e f u l l y
th e  dependence o f  and on th e  d eu te ro n  w av efu n c t io n  and continuum
n-p  i n t e r a c t i o n  u sed  f o r  t h e i r  e v a lu a t io n .  For th e  l a t t e r  we have ta k en
r e a l i s t i c  s t a t e  (J )  -  dependen t p o t e n t i a l s  and compared th e  r e s u l t s  so
o b ta in e d  w i th  th e  p r e v io u s l y  employed p la n e  wave a p p ro x im a tio n .  We found
t h a t  b o th  and a r e  e s s e n t i a l l y  d e te rm in e d  by th e  a sy m p to t ic  p a r t  o f
th e  d eu te ro n  w a v e fu n c t io n ,  i . e .  by th e  p a ra m e te rs  Ag and n . The p la n e
wave l i m i t  was found to  be r e l i a b l e  f o r  a . I t  i s ,  how ever, e s s e n t i a lc *
to  c o n s id e r  th e  s t a t e  dependence o f  f o r  th e  q u a n t i t a t i v e  e v a lu a t io n  
o f  a.j,. The fo l lo w in g  e m p i r ic a l  r e l a t i o n s  were o b ta in e d
,a^ = 0 .81  Ag fm^
= Ag (1 .90n  -  2 .5n^  -  0 .006)  fm^ ,
w h ic h , fo r  c u r r e n t l y  a c c e p te d  v a lu e s  o f  Ag and n ,  y i e l d
a = 0 .639  ± 0 .006  fm^ c
= 0 .0333  ± 0 .0013  fm^.
The p o s s i b i l i t y  o f  o b ta in in g  in  te rm s o f  t\ i s  p a r t i c u l a r l y  u s e f u l  f o r  
th e  a n a l y s i s  o f  sub-Coulomb s t r i p p i n g  r e a c t i o n s  where n i s  i t s e l f  
d e te rm in e d .  The above e q u a t io n  f o r  p ro v id e s  t h e  means o f  s u b t r a c t i n g ,  
s e l f - c o n s i s t e n t l y ,  th e  e f f e c t s  due to  th e  t e n s o r  f o r c e  a s s o c i a t e d  w i th  
and hence n , upon th e  c a l c u l a t e d  t r a n s f e r  r e a c t i o n  t e n s o r  a n a ly s in g  
pow ers .
The knowledge o f  t h i s  Coulomb t e n s o r  te rm  o f  th e  o p t i c a l  p o t e n t i a l  
can a l s o  be u s e f u l '  as  an in p u t  to  r e a c t i o n  c a l c u l a t i o n s  aim ing a t  th e  
d e te rm in a t io n  o f  th e  t e n s o r  p o t e n t i a l s  o f  n u c l e a r  o r i g i n .
Our e s t im a te  o f  c a r r i e d  an u n c e r t a i n t y  (d e r iv e d  from t h a t  in  Ag)
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much s m a l le r  th a n  th e  e r r o r  b a r  i n  th e  p r e s e n t l y  a v a i l a b l e  ex p e r im e n ta l  
v a lu e s ,  th u s  making m ean in g le ss  any a t te m p t  o f  com parison between them. 
More p r e c i s e  experim en ts  to  o b ta in  w i l l  be u s e f u l ,  b u t  sho u ld  be viewed 
n o t  as  a measurement o f  th e  p o l a r i z a b i l i t y ,  which has been p roved  to  be 
model in d e p e n d e n t ,  b u t  as  a  check o f  th e  v a l i d i t y  o f  th e  concep t i t s e l f  
and o f  th e  im portance  o f  r e a l  breakup  n e g le c te d  in  th e  d e r i v a t i o n  o f  th e  
e x p re s s io n  f o r  th e  o p t i c a l  p o t e n t i a l .
E q u a l ly  u s e f u l  would be to  p e rfo rm  a f u l l  3-body c a l c u l a t i o n ,  i . e .  to  
e v a lu a te  e q u a t io n  (2 .30 )  d i r e c t l y  w i th o u t  th e  u se  o f  th e  a d i a b a t i c  
ap p ro x im a tio n .  The com parison o f  th e  r e s u l t s  o f  t h i s  p ro c e d u re  w i th  th o s e  
quoted  h e re  would p ro v id e  a t e s t  o f  th e  l i m i t a t i o n s  and a p p l i c a b i l i t y  o f  
t h i s  ap p ro x im atio n .
F i n a l l y ,  an i n t e r e s t i n g  consequence o f  t h i s  work i s  th e  p o s s i b i l i t y  
to  p r e d i c t  t h e  p o l a r i z a b i l i t y  o f  ^ L i.
4
Due to  i t s  s t r u c t u r e  He + n + p and th e  c o in c id e n c e  o f  th e  c e n t r e s  
o f  charge  and mass o f  th e  a - p a r t i c l e ,  th e  d ip o le  te rm  o f  th e  p o l a r i z i n g  
p o t e n t i a l  f o r  ^Li i s  i d e n t i c a l  t o  t h a t  g iv e n  by e q u a t io n  ( 2 .1 4 ) .  Thus th e  
p o l a r i z a b i l i t y  o f  ^ L i ,  c a l c u l a t e d  in  t h e  manner d e s c r ib e d  i n  C hap te r  5 ,  
i s  s o l e l y  d e te rm in ed  by t h a t  o f  th e  d e u t e r o n .
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APPENDIX A -  MULTIPOLE EXPANSION OF AV(r,^)
In  C hapter 2 (e q u a t io n  ( 2 . 1 4 ) ) ,  we d e f in e d  th e  Coulomb p o l a r i z i n g  
p o t e n t i a l  as
AV(r.%) = V ^(r  ) -  V^(R) , (A .l)
where (x) i s  th e  Coulomb p o t e n t i a l  due to  an assumed s p h e r i c a l  n u c le u s  
o f  r a d iu s  = 1.3A^^^ and charge  Ze, a c t in g  on a  u n i t  charge  e s i t u a t e d  
a t  a r a d i a l  d i s t a n c e  x . E x p l i c i t l y ,
V^(x) = Z e ^ { [3 -C x /R ^ ^ ] / (2 R ^ )  0(R^-x) + 1 /x  8 [x-R^)} , (A .2)
where 6 (y) = 1 (y > o ) , = o (y c o ) .
The m u l t ip o l e s  v ^ ( r ,R )  o f  AV, d e f in e d  by
AV(r,R) = Z v ^ ( r ,R )  P^(w) (A .3)
n
a re  o b ta in e d  from th e  e x p re s s io n
v ^ (r ,R )  = n f / 2  /  A V(r,%  P^(w) dw , (A .4)
where th e  P^ a r e  Legendre p o ly n o m ia ls  w i th  argument w = r .% / (rR) .
The p r e c i s e  f u n c t i o n a l  forms o f  th e  depend on th e  r e g io n  o f  
space r ,R  < R^ in  which th e y  a r e  c a l c u l a t e d .  These have been  w r i t t e n  
down e x p l i c i t l y  by Wendler e t  a l .  [We 8 0 ] .  Our in d e p en d en t e v a l u a t i o n s  
ag ree  w i th  th e s e  p u b l i s h e d  r e s u l t s ,  and th e  e x p re s s io n s  o f  [We 8 0 ] ,  v^ ,  
a re  r e l a t e d  to  th o s e  o f  th e  p r e s e n t  work v i a
v^(r,R) = (- )"  iî^/2 2e^ vJ^(r,R) . (A.5)
In  th e  p o i n t  n u c le u s  l i m i t  (R^ + o ) , o r ,  e q u i v a l e n t l y ,  th e  
asy m p to tic  r e g io n  R th e  v^ red u ce  to  t h e i r  w e ll  known p o i n t  charge
e x p re s s io n s  [Dr 66 ] and
-8 5 -
2 ( r
£,V(r.R) = ^  [2R Z ( -1 )  -----^  P„(w) -  1] , (A .6)
n  ( r ^ )
where r ^ ( r ^ )  d en o tes  th e  g r e a t e r  ( l e s s e r )  o f  r ,2 R .
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APPENDIX B -  SYMMETRY OF THE RADIAL FUNCTIONS Uj^^^(r ,R )  
A ccording to  e q u a t io n s  (3 ,30) and ( 3 .3 6 ) ,  f o r  a z a x i s  a long  R,
R > = R  ^ M  R > Cb . i )
JL
With th e  chosen p h ase  co n v en tio n  f o r  th e  d eu te ro n  w avefunc t ion  and 
u s in g  th e  i n v a r i a n c e  o f  under  th e  tim e r e v e r s a l  o p e r a to r  K
(K 0 ^*) K  ^ th e n
: K I R > = CK K'l) K R >
r.1 Ji-M 
= C-) l*_M' R >
J l-M  ,-v -
= ( - )  1^ R > . (B .2)
However, w i th  th e  adop ted  d e f i n i t i o n  (e q u a t io n s  ( 3 . 3 6 ) - ( 3 . 3 7 ) ) ,  th e  
r a d i a l  f u n c t io n s  Uj^j^(r,R) a re  r e a l  as  can be seen  by i n s p e c t io n  o f  
e q u a t io n s  (3 .4 7 )  -  ( 3 .5 1 ) ,  t h e r e f o r e  we a l s o  have
K I R  >  =  % ( L I )  J - M ;  R  > ■ (B .3 . )
E qua t ing  e q u a t io n s  (B.2) and (B .3) g iv e s
^ ' (B .4)
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APPENDIX C -  SEPARABLE INTERACTIONS FOR THE n -p  SYSTEM 
Rank 2 s e p a r a b le  p o t e n t i a l s  f o r  th e  i n t e r a c t i o n ,  o f  two
nu c leo n s  i n  a t r i p l e t  s p in  s t a t e  w ith  t o t a l  a n g u la r  momentum J  can 
be w r i t t e n
” P  M . a  ■*'
c c . i )
T  CL) UjLi Ck,0 (C.2)
Mongan [Mo 6 8 , Mo 69] has  p roposed  f o u r  models f o r  {case  1 - lV ) ,  
o f  which we u sed  c a s e s  1 and 11 o f  [Mo 69] f o r  th e  P and D s t a t e s ,  
r e s p e c t i v e l y .  With t h i s  c h o ic e ,  th e  form f a c t o r s  f^ ^ (k )  a r e
kL/[kZ + , CC.3)
where 0 = 1 ,2  c o r re s p o n d ,  r e s p e c t i v e l y ,  t o  th e  r e p u l s i v e  and a t t r a c t i v e  
p a r t  o f  t h e  i n t e r a c t i o n  (R and A in  Mongan’ s n o t a t i o n )  and we made e x p l i c i t  
th e  dependence o f  th e  c o e f f i c i e n t s  and a^  on L and J .  T h e i r  v a lu e s  
a re  g iven  below
S ta t e
0 = 1 (R) 0 = 2 (A)
a]^^(fm"^) a^^Cfm’ b c
2.258 118.2 1.326 16.480
0 .697 3.498 2.322 18.89
'^2 0 . 0 0 . 0 1.509 5 .349
0 . 0 0 . 0 1.468 20.60
6 .558 493.8 1.451 7.7163
TT 1 3 / 2 - T
The C ^ a r e  e x p re s s e d  in  u n i t s  o f  MeV^  fra
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3 3For th e  c h a n n e l ,  we chose  in  C hap ter  3 P i e p e r ’ s 3SD1B
p o t e n t i a l  [Pi 74 ] .  Now, th e  form f a c t o r s  a re
TT L 2  2  ^ ^ 2 + 2
f ^  (k) = -  Z b (O L ;m )kV (k  +% ) , (C .4 )
m
where th e  b , ,  a r e  as  i n  T ab le  I I  o f  [Pi 74] and a = 3m/2 fm -^ .OL;m m
For t h e s e  two i n t e r a c t i o n s  A^= (-1 )  . In  th e  c a se  o f  th e  P ie p e r
rank-1  (3SD1A) i n t e r a c t i o n ,  u sed  i n  C hap te r  5 ,  = o.
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APPENDIX D - EVALUATION OF EQUATIONS ( 3 .4 8 ) ,  (3 .55 )  AND (5 .59)
Using t h e  fo rm alism  o f  C hap te r  3 and o m i t t in g  th e  p a r i t y  l a b e l s  f o r  
b r e v i t y  ,
A-^Cr) = -2 p /n ^  /  dk k ^ C r W )  j^ ^ k r )  . (D.2)
When th e  a r e  o f  t h e  Mongan form , pfL and A j a r e  g iv e n  by
( f o r  th e  sake  o f  c l a r i t y ,  th e  s u p e r s c r i p t s  J ,L  on C ^ a n d  a j  a r e  o m i t te d )
A? +  H ^ L ) ,  ( D . 3 )
A'^^(r) = tt/ 2 [ i ^  f ^ ^ ( i ^ )  (i>^r) + ( r )  ] .  (D.4)
H ere, f o r  L = 1 ,2
H )r "  -  a j  q,D +
+ [(a^q)-aTqT)/(ac-aT)](l-dar) - (D-6)
= -5 /15  q /a j + 1 5 /8  a^q^ -  5 /2  a fq ,  + afq^ . (D.7)
= Tqr + TtO '  CD G)
= 24  R) CafZ(a^-a^) + a^q^/Z - 5 /4 ) / (a 2 -a Z )2  , (D.9)
BqD(r) = C^a^qj [ ( ia ^ q j )D  ^hC^^Cia^r) + r / 2  h C * ) ( i a j r )
(D.IO)
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q ,  = CD. 11)
Throughout, h^*) a re  t h e  Hankel f u n c t i o n s  o f  f i r s t  k in d  as  d e f in e d  by 
Messiah [Me 6 1 ] .
In th e  case  o f  P i e p e r ’s i n t e r a c t i o n  (3SD1B), th e  have been 
e v a lu a te d  by d i r e c t  n u m e rica l  i n t e g r a t i o n  o f  e q u a t io n  (D .l)  s in c e  t h i s  
p rocedu re  i s  as  qu ick  as  th e  co m pu ta tion  o f  th e  a n a l y t i c  e x p r e s s io n s ,  
and
A jD (r) = 2u/h^  Z b ( 0 L;m) S ^ ( r )  / r  , (D.12)
m
where
and
Som(^) = [(r+C^) exp ( - a ^ r )  -  exp ( - y r ) ] ,  (D.13)
S2mCr) = -C ^ /2 { [3 q ^ / r  + M ( r ) ( |+ N ( a ^ , r ) )  + P ( r ) ]  exp ( - a ^ r )  +
+ 2C_ N (y ,r )  exp ( - y r ) } (D.14)
S  ' (D.15)
S  = '  (0 .1 6 )
M(r) = r  + 20% , (D.17)
N (3 ,r )  = q^ (3+3gr + g ^ r ^ ) / r ^  3=y , , (D.18)
P ( r )  = (1 + r ) / 2  , (D.19)
\  • (0 .2 0 )
O bviously  b o th  th e  c o n s ta n t s  and th e  fu n c t io n s  M, N, P sh o u ld  c a r r y  
an index  m.
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I t  i s  a l s o  u s e f u l  t o  have th e  a n a l y t i c  form o f  (eq u a t io n
( 3 .5 3 ) ) ,
\ h LjL(r) . (D.21)
N(d) i s  d e f in e d  i n  Appendix E and 
0
R^^Cr) = -y /y h ^  I  b(3L;m) r ' ^  1 -  [ S j ^ ( r ) ] .  (D.22)
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APPENDIX E -  SOLUTION OF EQUATION (3 .57)
For f i x e d  J ,  M, tt, p ,  e q u a t io n  (3 .57 )  i s  o f  m a tr ix  form w ith  
d im ension o f  th e  rank  o f  th e  s e p a r a b le  i n t e r a c t i o n  used  in  th e  J , tt 
channel :
(1 - F^^) N = B . ( E . l )
The e lem en ts  o f  t h e  co lum nm atrix  B a r e :
B = G -  Z" (E.2)T T T
where Z '  r e p r e s e n t s  th e  sum which c o n s t i t u t e s  th e  l a s t  te rm  o f  e q u a t io n  
( 3 .5 7 ) .
The s o l u t i o n  N o f  e q u a t io n  ( E . l )  canno t be o b ta in e d  by s im p le  in v e r s i o n  
when 1-F^^ i s  s i n g u l a r .  T h is  i s  t h e  c a se  i n  th e  ^S^ -  channe l where 
th e  i n t e r a c t i o n  i s  chosen to  s u p p o r t  a  bound s t a t e  o f  energy  -  e^ ,  and 
can be most s im p ly  seen  by w r i t i n g  th e  S c h ro d in g e r  e q u a t io n  f o r  th e  d e u te ro n  
ground s t a t e  i n  th e  form
( l - F ^ l )  N(d) = 0 (E .3)
The c a l c u l a t i o n  o f  N, i n  t h i s  i n s t a n c e ,  p ro c e e d s  by expanding b o th  N and 
B i n  th e  b a s i s  o f  e ig e n v e c to r s  o f  1 -F^^ . In  t h e  case  o f  a ran k -2  
i n t e r a c t i o n  t h e s e  a r e  X  ^ a N(d) and X  ^ w i th  e ig e n v a lu e s  X^=o, ^2~^”^11~^22 
r e s p e c t i v e l y .  Use o f  th e  r e l a t i o n
xt (1- f“ ) a = , (E.4)
where th e  X. a r e  th e  e ig e n v e c to r s  o f  ( 1-F  g iv e s
B a Xg (E .5)
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and, w ith  c an a r b i t r a r y  c o n s ta n t ,
N = c NCd) + B . CE.6)
Upon s u b s t i t u t i o n  i n  e q u a t io n s  (3 .42 ) o r  (3 .4 7 )  any component o f  N(d) in  
N y i e l d s  th e  d e u te ro n  w av efu n c t io n .  The o r t h o g o n a l i t y  c o n d i t io n  between 
I A ^  > and | cj)^  > [e q u a t io n  (3 .4 3 ) ]  t h e r e f o r e  r e q u i r e s  c to  be ze ro .
In  a d d i t i o n ,  e q u a t io n  (E.5) s u g g e s ts  a t e s t  f o r  th e  n u m e r ic a l ly  
c a l c u l a t e d  ( e q u a t io n (E .2 ) )  f o r  a l l  M and p ,  namely
Bi CX;)! l - 4 \
®2 ^^2^2
where t h e  F^^ a r e  d e te rm in e d  by th e  i n t e r a c t i o n  u sed .OT
(E.7)
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APPENDIX F - MODIFIED SPIN-ORBIT POTENTIAL
We s h a l l  d e r iv e  th e  a n a l y t i c  form o f  th e  s p i n - o r b i t  p a r t  o f  th e  
p o t e n t i a l  d en o ted  s im p ly  V in  th e  fo l lo w in g ,  th e  p a r t i c u l a r  case
f o r  o f  S e c t io n  3 .6  b e in g  e a s i l y  o b ta in e d  by a p p r o p r ia t e  rep la c e m e n t  
o f  th e  s t a t e s  | Î  > by | > and | >.
As i n  S e c t io n  3 .6 ,
1 2 MM 1 2 ( p . i )
H ere, V(so)is th e  sum o f  th e  n u c l e o n - t a r g e t  s p i n - o r b i t  p o t e n t i a l s ,  which 
have th e  form
V ( s o ; i )  = ( r^ )  ^ i * ^ i  » (F-2)
where i  = n o r  p and £ and ?  a re  th e  o p e r a t o r s  f o r  th e  o r b i t a l  a n g u la r  
momentum and s p in  o f  th e  p a r t i c l e .  Using e q u a t io n s  ( 2 .8 ) ,  (2 .9 )  and th e  
d e f i n i t i o n  £ = r  A îc, V(so) can be w r i t t e n
V ( s o ) = V ^ C | î - r / 2 | ) [ ( l A Î / 2 ) - ( Î A t ) - C r / 2 A K /2 ) + ( r / 2 A $ ) ] .  +
+V ( |R + r / 2 l )  [(RAK/2} + ( M )  + (r/2AK/2) + ( r / 2 A Î ) ] .  Sp , (F .3 )
K and k b e in g  th e  momenta o f  th e  d e u te ro n  c e n t r e  o f  mass and r e l a t i v e  
m otions .
The d eu te ro n  s p i n - o r b i t  p o t e n t i a l  must c o n ta in  th e  f a c t o r  ("RA^ ) . s ;  
hence i t  can o n ly  r e s u l t  from th e  te rm s in c lu d in g  K in  th e  above e x p re s s io n ,  
We s h a l l  keep o n ly  th e s e  in  th e  fo l lo w in g  a n a l y s i s .
The m u l t ip o l e  expans ion  o f  V ^(r^) and ( r^ )  y i e l d s  f o r  e q u a t io n
(F .3)
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w it  h
V(so) = 4ir ï  V j( r ,R )  y J ( R ) *  Ylg(r) { [ ( M / 2 )  .  ( t +  ( - ) ]  +  
In
+ [ ( r / 2 A Î / 2 ) . ( S p - ( - ) % ) ] }  , CF.4)
V j( r ,R )  = I /  dx V p ( |K + r /2 |)  P j (x )  and x=r.R  , ( P .5)
The s p in  o p e r a t o r s  i n  th e  c u r ly  b r a c k e t s  a re  e i t h e r  S - s^  + s^  o r  
5 =  Sp -  s^  depending  on th e  p a r i t y  o f  I .  But, s in c e  t h e  e x p e c ta t io n  
v a lu e  o f  D between s t a t e s  o f  s p in  1 i s  ze ro  [D^^jla> = (-)^}00>  6^  ^ ] , 
th e  te rm s i n s i d e  th e  sq u a re  b r a c k e t s  i n  e q u a t io n  (F .4 )  a l t e r n a t e l y  g ive  
v a n ish in g  c o n t r i b u t i o n s  to  th e  sum when t h i s  expans ion  i s  s u b s t i t u t e d  f o r  
V(so)in e q u a t io n  ( F . l ) .  Hence e q u a t io n  (F .4 )  can be red u ce d  t o ,  and u s in g  
d (±3 = (1 ± ( - ) ^ ) / 2 ,
V(S03 = 4 t t  E V ( r ,R )  Y?(R) Y ?(r)  [(SaK/2) d(+) + ( r /2A K /2 )d (-3  ] . S .
In
( F . 6)
On th e  o th e r  hand , th e  use  o f  e q u a t io n  (3 .36) and th e  r o t a t i o n  o f  
th e  a n g u la r  p a r t  o f  th e  w av e fu n c t io n s  back t o  an a r b i t r a r y  frame o f  r e f e r e n c e  
g iv e  f o r  e q u a t io n  ( F . l )
V 2 f . R ).
(F .7 )
where th e  sum i s  o v e r  a ,arm ,m ^.
F^arn a 'm ' .K .R )  = < i u , CLl)Jm ;z |V (so) | i '  u  , ( L ' l )  J 'm ' ; z >  ( F . 8)
and to  s im p l i f y  th e  n o t a t i o n ,  a = JLM. The a d i a b a t i c  ap p ro x im a tio n  o f  
C hapter  2 was i m p l i c i t l y  used  in  e q u a t io n  (F .7 )  t o  a l lo w  th e  com uta tion  
o f  th e  r o t a t i o n  m a t r i c e s  w ith  th e  o p e r a to r  K(EV^) c o n ta in e d  in  f t .
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The co u p l in g  o f  th e  r o t a t i o n  m a t r i c e s  as i n  [To 79] y i e l d s  f o r  
e q u a t io n  (F .7)
M
Vm M =  ^<Jl-MiJiM2 |p-q>(r)^  A(JMm J'M'm', p qPQ)
X (R) a'm', (F.9)
where th e  sum i s  o v e r  a ,a ' ' ,m ,m ^ ,p ,q ,P ,Q  and A(J/1m J"M^m^, pqPQ) =
= A tt/P  (-)^^* Q+M-M J^M 'Ip  M'-M>
X Z <Jm JSm^/c-y><JMJ^-M^/c M -M ^xpqcy]P-Q><pM-M^c M'-MjPo > 
t y
(F.IO)
The e v a lu a t io n  o f  f t (a m  a^m^,lt,ÏÏ) w i th  V(so) g iven  by e q u a t io n  ( F .6) 
r e q u i r e s  th e  c a l c u l a t i o n  o f  th e  i n t e g r a l s
a 'm '  I n . î . S )  = < i^u ^  ,(L l) J m ;z  | Vj YJ 0 ( j )  C L '13J 'm ";z> ;
( F . l l )
f o r  even (odd) I ,  j  = 1(2) where 0 (1 )  = RA ^/2.?
0 (2 )  = r /2 A K /2 .S  . (F .12)
Using th e  t e n s o r  r e l a t i o n  [Br 62]
( M ) . ^  = 8 i r / ( 3 ^ i )  R K E ( - ) *  [Y^(R) ®  Y^ (K) , (F .13)
where t h e  te rm  i n  sq u a re  b r a c k e t s  r e p r e s e n t  th e  t e n s o r  p r o d u c t  o f  th e
s p h e r i c a l  harm onics  [Br 62] and S. a r e  th e  s p h e r i c a l  components o f  th e
/
s p in  o p e r a to r  S, becomes
X j  = W ( 3 / 2 i )  R K E ( - l )U  [Yj ( R ) ® Y ^ ( K ) ] j ^
X < (LI) Jm |Yj Sj | ( L ' l ) J ' m ' > ; j ( o  a ' l ; R )  , (F .14)
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where t h e  a n g u la r  b r a c k e t s  now deno te  o n ly  i n t e g r a t i o n  in  th e  
a n g u la r  v a r i a b l e  r  and summation in  th e  s p in  v a r i a b l e s ,  th e  r a d i a l  
i n t e g r a l  be ing
3 ( a a ^ I ;R )  = i ^  ^ I  d r  r^  u ^ ( r ,R )  V j( r ,R )  u ^ ^ ( r ,R )  ,
(F .15)
can a l s o  be w r i t t e n
= i  Æ / 3  RK Z B(ama"m'bl) I <bB In |ly>  
b3y
[Y j  (R) ©  (K) ] a  (aa  ; R) , (F . 16)
where
B(ama'm"bl) = ( - ) ^  -L+J+J <loI o/L " o> X (J- 'b J ,L "IL ,111)
<J"-m "b3|j-m > , (F .17)
where X ( . . . )  a r e  th e  c o e f f i c i e n t s  o f  Fan.o [Br 62] e q u iv a le n t  t o  th e  Q-j 
symbols.
R ep lac ing  t h i s  e x p re s s io n  in  f t  (am a ^ m '' , î ,R )  in  e q u a t io n  (F .9 )  and 
in t r o d u c in g  th e  e x p l i c i t  form o f  A(JMm J^M^m^,pqPq), we o b t a i n ,  a f t e r  
a r a t h e r  l e n g th y  a lg e b r a ,  th e  c o n t r i b u t i o n  f o r  V from th e  even I m u l t ip o l e s ,
V =
pq f
( p . 18)
th e  f a c t o r  C^(R) in c lu d in g  a l l  th e  g eo m e tr ic  f a c t o r s  as  w e l l  as  t h e  r a d i a l  
i n t e g r a l .
From th e  odd m u l t ip o l e s  o f  V(so) comes a s i m i l a r  c o n t r i b u t i o n  t o  V 
s in c e  2 can be w r i t t e n
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f ig  = 27T/(3>^i) K Z ( - ) ^  < lD la | ly >  Y°(K)< (L I ) J iii| y’ yJ s ^_ | (L " l ) J " m '>  
yoa ^
x a ( a a " I ; R )  , (F .19)
where now
3 ( a o ' I ; R )  = ^ /  d r  ( r ,R )  Vj ( r ,R )  ( r ,R )  , (F .20)
o r
M  = i / 2  K Z B(am a"m "bl") I < lo T b | l 'o >  W ( l l b l " ; l l )  < b B In |ly >  
I-bBa
X Y*(K) 3 ( o a " I ;R )  . (F .21)
Hence o n ly  th e  c o e f f i c i e n t s  C^(R) w i l l  be d i f f e r e n t .
E q u a t io n ( F .18) r e p r e s e n t s  th e  m a tr ix  e lem en t o f  a s p i n - o r b i t  
p o t e n t i a l  on ly  when p = f  = 1. With t h i s  r e s t r i c t i o n  and n o t in g  t h a t
where a re  t h e  t e n s o r  o p e r a t o r s  d e f in e d  in  C hap te r  3, such a p o t e n t i a l  
can be w r i t t e n
V = 2i  Z <lq l - q  I 00 > T [ R ® K ] ^  X ^C R )
q
= T ^ ( R )  Î . S  . (F .23)
where a g a in  we have made use  o f  th e  r e l a t i o n s  between th e  s c a l a r  and 
v e c t o r  p ro d u c ts  o f  v e c to r s  and th e  t e n s o r s  o f  o rd e r  o and 1 .
The e x p l i c i t  form o f  IT ^ (R )  i s
IT ^ (R )  = -3 /2  Z D(JMJ"M"C P) Z" [E (JL J"L "II"C  P) d(+)
-1 /2R  F ( J U a " I I - 'C  P) d ( - ) ]  L I^ T " % (a a " I ;R )  , (F .24)
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where Z r e p r e s e n t s  sum o ver  th e  in d e c e s  Z** o v er
L,I,L% I "  and
DCJMJ'M'CP) = JJ^C P <l-MlM"|lM"-MxJMJ-'-M"|C M-M">
<1M-M"C M"-M| P o> , (F .25)
E(JLJ"L"II"C P) = X (JX J ,L " IL ,1 1 1 )  W ( l C I - ' I ; P l ) V r ( l l l l ; i a ) < P o I o | l " o >  
< I ‘' o 1 o | 1 o ><Lo I o | L ' ' o > ,  ( F . 2 6 )
F C J L ja ^ I I^ C P )  = X [ J 'C J t L " I 'L , l l l )  V ( l I l P j C l )
<Po I o | 1 o> <1 o I o | I ' ' o ><Lo I ' ' o | L ‘' o > , (F .27)
Note t h a t  e q u a t io n s  ( F ,17) and (F .21) impose th e  p a r i t y  r e s t r i c t i o n  
L+L" = even f o r  b o th  th e  I = even o r  odd c a s e s .
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APPENDIX G -  CONTRIBUTION OF THE P WAVE PART OF ^
TO SINGLET BREAK-UP
I t  was shown in  S e c t io n  3 .6  t h a t  th e  P s t a t e s  in  ^  o n ly  c o n t r i b u t e
to  th e  m o d if ied  f o ld i n g  p o t e n t i a l ,  i n  second o rd e r  o f  AV. They can ,
however, be coup led  v i a  th e  n u c le o n -n u c le u s  s p i n - o r b i t  p o t e n t i a l  t o  a s i n g l e t
sp in  s t a t e  o f  t h e  n -p  sy s tem , which can be i d e n t i f i e d  w ith  th e  s i n g l e t
s c a t t e r i n g  s t a t e  a t  th e  r e s o n a n t  ene rgy  (E=0.06MeV).
Harvey and Johnson  [Ha 74] have c a l c u l a t e d  th e  c o n t r i b u t i o n  o f
d e u te ro n  b re a k -u p  to  s i n g l e t s t a t e s  to  a s t r i p p i n g  r e a c t i o n .  In  t h e  case
o f  a f r e e  d e u te ro n  t h i s  comes abou t because  o f  th e  i s o s p in
dependence o f  t h e  n u c l e o n - t a r g e t  £ . s  p o t e n t i a l s .  The m agnitude o f  th e  
1 3 co u p l in g  i s ,  i n  t h a t  c a s e ,  p r o p o r t i o n a l  to  th e  d i f f e r e n c e  o f  th e  
n e u t ro n  and p r o to n  p o t e n t i a l  s t r e n g t h s  and i s  t h e r e f o r e  sm a l l .
T h is  re q u ire m e n t  o f  i s o s p in  dependence i s  no lo n g e r  n e c e s s a r y ,  
however, when th e r e  a r e  P s t a t e s  i n  th e  d e u te ro n  w a v e fu n c t io n s .  A lthough 
th e  component o f  induced  P waves i s  p ro b a b ly  s m a l l ,  th e  co u p l in g  p ro cee d s  
v i a  th e  sum, and n o t  t h e  d i f f e r e n c e ,  o f  th e  n u c l e o n - t a r g e t  s p i n - o r b i t  
i n t e r a c t i o n s  and hence th e  m agnitude o f  th e  e f f e c t  i s  n o t  d i r e c t l y  
d i s c e r n a b le  from th e  work o f  Harvey and Johnson .
In th e  fo l lo w in g  we s h a l l  c o n s id e r  o n ly  th e  P s t a t e  p a r t s  o f  ^
R > = % , ( i i ] J M  ; R > (G .l)
where th e  z a x i s  was chosen a long  th e  d i r e c t i o n  o f  R, and th e  s i n g l e t  n -p  
s t a t e  t o  be
losing > = I 0 0 (00) ;R )  . (G.2)
The s p i n - o r b i t  p o t e n t i a l s  a r e  ta k e n  to  have th e  same geom etry and s t r e n g t h
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f o r  th e  n e u t ro n  and th e  p ro to n  and a r e  d e f in e d  as  \ ^ o ; i )  = V ^ ( r^ )£ ^ .s^  
as in  Appendix F. Their sum can be w r i t t e n  as  i n  e q u a t io n  ( F .4 ) .
The c o u p l in g  between th e  t r i p l e t  and s i n g l e t  s t a t e s  i s  caused  by th e  
o p e r a to r  D = ^ ^ - s ^ .  T h e re fo re  on ly  th e  odd m u l t ip o le s  c o n t r i b u t e  t o  th e  
f i r s t  b r a c k e te d  te rm  in  e q u a t io n  (F .4 )  and th e  even m u l t ip o l e s  t o  th e  
second. For a f i r s t  e s t im a te  o f  th e  e f f e c t  we s h a l l  r e s t r i c t  o u r s e lv e s  
to  th e s e  two te rm s .
I IThe r e l e v a n t  m a tr ix  e lem en t t o  be e v a lu a te d  i s  < '
which i s  t o  be i n t e r p r e t e d  as  a co u p l in g  p o t e n t i a l  I^^oup ' between 
the |lM > and th e  |oo> s p in  s t a t e s  o f  th e  n -p  system . Both te rm s o f  
e q u a t io n  (F .4 )  o r i g i n a t e  a p o t e n t i a l  o f  th e  ty p e
\ o u p  =
where L(hRAK) i s  t h e  c e n t r e  o f  mass o r b i t a l  a n g u la r  momentum and
V(R) = / 3 / 2  I  < l l l o | j l >  /  d r  r^  U j^ ^ (r ,R )  -
(2 /2R )"^  Z ( - l ) J  I ^ / J  < I o l o | l O > < I o J l | l l > V ( I l J l ; l l )  
31
x j d r  r ^  Vj ( r ,R )  U j^ ^ ( r ,R )  . (G.3)
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APPENDIX H
EXPRESSIONS FOR THE M (-X-1;L,L") OF EQUATION (4 .59)
The e x p l i c i t  e x p re s s io n s  f o r  th e  q u a n t i t i e s
a re  f o r  X = 2 ,3  and L+L'' > X [A156],
—1
M (-3;L ,L) = [2L(L+1)(2L+1)] [ 2 L + 1 +2 v^Im ^  (L+1+iv| ) ]  , -H .2
M (-3 ;L ,L + 2 )  = [ 6 | l +1+1v|1 lL+2+ iy j |]  \  -H .3
M (-4;L ,L) = - ) c ( L ) ^ / h ( L ) )  M(-3;L-1 ,L-1 ) - l a ( L ) c ( L ) / b ( L ) ]  M(-3;L-1 ,L+1 )
+ [ b ( L ) - i a ( L ) c ( L + l ) / b ( L + l ) l ]  M (-3 ;L ,L )
H- { c (L ) /b (L ) l  M (-4;L-1 ,L )+ Ja (L ) /b (L + l  )] m( -4 ;L ,L + 1 )
-  !a(L)a(L+1 )/b(L+1 )1 M (-3 ;L ,L+2) , -H .4
M (-4;L ,L+2) = [ !d (L ) -c (L + 1 ) ) /a (L + 1 ) ]  M (-4 ;L ,L )
-  {b (L + 1)/a (L + 1)} M (-4;L ,L+1)
-  {d(L)/a(L+1 )1 M (-4;L+1,L+1) . -H .5
— 103—
Above, ip i s  th e  d e r i v a t i v e  o f  th e  lo g a r i th m  o f  th e  F f u n c t io n  [Ab 65]^ 
a(L) = K  lL + 1 + iv ^ l / [ (2 L + l) (L + l) ]  , -H .6
b(L) = / [ l (L+1 ) ]  , -H .7
c(L) = K iL+irjl / [ l (2 L + 1  ) ]  , -H . 8
d(L) = K lL+1+i>ji / [ 4 ( L + 1 ) ]  , -H .9
M (-4;L,L+1) = k [ (L + 2 )(2 L + 3 )]  ' ^ [ 2  ) L+1+iv|! M (-3 ;L ,L) -
-  (3 lL + 1+±y|l . -H .10
-104 -
REFERENCES
Ab55 M. A bram ow itz§ I .A. S teg u n , "Handbook o f  M ath em atica l  
F u n c t io n s " ,  Dover (New Y o rk ) , (1 9 6 5 ) .
AI56 K. A ld e r ,  A. Bohr, T. Huus, B. M o tt le so n  § A. W in th e r ,  
Eev.M od.Phys. æ  (1956) ,  452.
A178 L . J .  A l l e n ,  H. F ie d e ld e y  5 N .J .  McGurk,
J .P h y s .G :N u c l .P h y s .  _4 (1 9 7 8 ) ,  355-
Am81 E.D. Amado, C om m .N ucl.Part.P hys. J_0 (1981 ) ,  131-
Ar77 H. A renhovel § ¥ .  F a b ia n ,  N u c l .P h y s .  A292 (1 9 7 7 ) ,  429.
Au78 N. A u s te rn ,  J . P .  F a r r e l l ,  J r . ,  K. K ab ir  § C.M. V in c e n t ,
P h y s .E ev .  C_18 (1978 ) ,  1577.
Ba77 G. B aur ,  F. E o e s e l  § D. Trautm ann,
N u c l .P h y s .  A288 ( 1977) ,  113.
Be35 H. B e th e  § E. P e i e r l s ,  P ro c .E o y .S o c .(L o n d o n )  148 (1935 ) ,  146.
Be50 H. B e th e  § 0. Longmire, P h y s .E ev .  77 (1 9 5 0 ) ,  647.
Br62 D.M. B r in k  § G.E. S a t c h l e r ,  "A ngu la r  Momentum",
C la rendon  P r e s s ,  Oxford, (1 9 6 2 ) .
C162 C .F. C lem ent, P h y s .E ev .  (1 9 6 2 ) ,  2724;
P h y s .E e v .  _ 1 ^  (1962) ,  2728.
CI70 C .F . C lem ent, A nn.Phys. ^  (1 9 7 0 ) ,  198.
«
De69 G. D e l i c  § B.A. Eobson, N u c l .P h y s .  A127 (1 9 6 9 ) ,  234.
Do55 B.V. Downs, P hys .E ev . ^  (1 9 5 5 ) ,  194.
Dr66 E . J .  Drachm an, P h y s .E e v .L e t t e r s  _1_7 (1 9 6 6 ) ,  1017.
Fe58 H. F esh b ach ,  A n n .E e v .N u c l .S c i . ^  (1958 ) ,  49*
Fe58a H. F esh b ach ,  A nn.Phys. (1 9 5 8 ) ,  357.
Fi81 D. P ic k ,  A n n .E e v .N u c l .P a r t .S c i .  31 ( l 9 8 l ) ,  53.
-105-
Fr79 J .L .  F r i a r ,  P h y s .E e v .  C20 (1 9 7 9 ) ,  325.
Fr83 J .L .  F r i a r ,  S. F a l l i e r o s ,  E .L .  Tomusiak, D. Skopik
§ E.G. F u l l e r ,  P h y s .E e v .  ^C27 (1983) ,  1364.
Go64 M.L. G o ld b e rg e r  § K.M. W atson, " C o l l i s i o n  T heory" ,
Wiley (New Y o rk ) ,  (1 9 6 4 ) .
Go77 E .P . Goddard, D eu te ron  O p t i c a l  Model Program DDTP,
U n iv e r s i t y  o f  W isco n s in ,  (1 9 7 7 ) ,  u n p u b lish e d .
Go82 E .P . Goddard, L.D. K nutson § J .A . T o s te v in ,
P h y s ic s  L e t t e r s  118B (1 9 8 2 ) ,  241.
Ha57 W. H a e b e r l i ,  A n n .E e v .N u c l .S c i .  _T7 (1 9 6 7 ) ,  373.
Ha74 J .D . Harvey ^  E.G. Johnson ,
J .P h y s .A :  M a th . , N ucl.G en . 1_ (1974 ) ,  2017.
Ho71 D .J .  Hooton § E.G. Johnson ,  N u c l .P h y s .  A175 (1971 ) ,  583.
Hu57 L .H u l th e n  5 M. Sugawara, i n  "Handbuch d e r  P h y s ik " ,
ed. S .  F lugge  ( S p r in g e r - V e r la g ,  B e r l i n ) ,  Vol 39, (1 9 3 7 ) ,  1.
Io78 A.A. lo a n n id e s  G E.G. Johnson ,  P hys .E ev .  C l7 (1978 ) ,  1331.
Ja70 D.F. J a c k so n ,  " N u c le a r  R e a c t io n s " ,  Chapman and H a l l ,
London, (1 9 7 0 ) .
Jo67 E.G. Johnson , N u c l . P h y s . A90 (1 9 6 7 ) ,  289.
Jo77 E.G. Johnson , N u c l .P h y s .  A293 (1 9 7 7 ) ,  92.
Jo82 E.G. Johnson , N. A u s te rn   ^ M.H. Lopes,
P hys .E ev .  C26 (1 9 8 2 ) ,  348.
Ka79 M. Kawai, in  "P ro c .  o f  t h e  I n t .  Symp. on N ucl.  D i r e c t  R e a c t io n  
M echanism s", Fukuoka, J a p a n ,  ed .  M. T a n i f u j i  % K. Y azak i,
INS, Tokyo, 1979-
KaBI J .E .  Kammeraad G L.D. K nutson , (p r iv a te 'c o m m u n ic a t io n ) ( l  981 ) .
Ke81 E.W. Kermode, A. M c K e rre l l ,  J . P .  McTavish ^ L . J .  A l le n ,
Z .P hys .  A303 (1 9 8 1 ) ,  167.
“ 106“
K181 S. K l a r s f e l d ,  J .  M a r t o r e l l G D.V.L. Sprung,
N u c l .P h y s .  A352 (1 9 8 1 ) ,  113.
Kn77 L.D. K nutson, A nn.Phys. 106 (1 9 7 7 ) ,  1.
La55 W. L ak in ,  P hys .E ev .  98 (1955 ) ,  139.
La81 M. Lacombe, B. L o ise a u ,  E. Vinh Mau, J . C o te ,  P . P i r e s  
G E. de T o u r e i l l ,  P h y s ic s  L e t t e r s  101B (1 9 8 1 ) ,  139.
Le57 J .S .  L e v in g e r ,  P hys .E ev .  107 (1 9 5 7 ) ,  554.
Le66 E.H. Lemmer, E e p .P ro g .P h y s .  _29 (1 9 6 6 ) ,  131.
Ma71 The Madison C onven tion , in  "P ro c .  3rd  I n t .  Symp. on
P o ln .  Phenomena i n  N u c le a r  R é a c t io n s " ,  e d s .  H.H. B a r s c h a l l
G V. H a e b e r l i ,  U n iv e r s i t y  o f  W iscons in  P r e s s ,  (1 9 7 1 ) ,  
pp. x x v -x x ix .
Me6l A. M ess iah ,  "Quantum M echan ics" ,  V o l . I ,  N orth  H o lla n d ,  
Amsterdam, (1 9 6 1 ) .
Mo68 T .E . Mongan, P hys .E ev .  175 (1 9 6 8 ) ,  1260.
Mo69 T .E . Mongan, P hys .E ev . 178 (1 9 6 9 ) ,  1597.
Pa73 J .  P a t r y  S. Gupta, EIE W üren lingen  R e p o r t  N o.247, (1973),  
u n p u b lish e d .
P i74  S .C . P i e p e r ,  P h y s .E ev .  C^ (1 9 7 4 ) ,  883.
Ea53 N .P. Eamsey, B . J .  Malenka G U.E. K ruse ,
P hys .E ev .  ^  (1953 ) ,  1162.
Ea65 J .  E a y n a l ,  Ph.D . t h e s i s ,  CEN S a c la y  R e p o r t  CAE-2511, (1965) ,
u n p u b lish e d ;
Ea79 G.H. E a w i t s c h e r  G S.N. M ukherjee ,
A nn.Phys. J 2 3  (1 9 7 9 ) ,  330.
Ee68 E.V. E e id ,  J n r . ,  Ann.Phys. ^  ( I 968 ) ,  411.
Eo74 B.A. Eobson, "The Theory o f  P o l a r i z a t i o n  Phenomena",
C la rendon  P r e s s ,  O xford, (1 9 7 4 ) .
-1 0 7 -
Ro77 F. R o e s e l ,  K. A ld e r ,  R. Morf G J .X .  B a la d in ,
J . P h y s . G:N u c l .P h y s .  ^  (1 9 7 7 ) ,  613.
Ro82 N.L. Rodning, L.D. K nutson , V.G. Lynch G M.B. Tsang, 
P h y s .E e v .L e t t e r s  4 2  (1 9 8 2 ) ,  909.
Sa54 J .  S aw ick i ,  Acta P h y s .P o lo n .  J_3 (1954 ) ,  225.
Sa50 G.E. S a t c h l e r ,  N u c l .P h y s .  2j_ ( i 9 6 0 ) ,  116.
Sc68 L . I .  S c h i f f ,  "Quantum M ech an ic s" ,  McGraw-Hill (NY), (1968) .
So69 P . J . E .  S oper ,  Ph.D . t h e s i s .  U n i v e r s i t y  o f  S u r re y ,  1969, 
u n p u b li sh e d .
Sp75 D.W.L. Sprung, i n  "Few Body P roblem s i n  N u c le a r  and P a r t i c l e  
P h y s ic s " ,  e d s .  E . J .  S lo b o d r ia n ,  B. Cujek G K. Eamevataram, 
Les P r e s s e s  de L 'U n i v e r s i t e  L a v a l ,  Quebec, 1975, p p . 475-493.
Sp82 D.W.L. Sprung, M.W. Kermode G S. K l a r s f e l d ,
J . P h y s . G: N u c l .P h y s .  6  ( 1 9 8 2 ) ,  923.
St79 K. S tep h e n so n ,  Ph.D . t h e s i s .  U n i v e r s i t y  o f  W iscons in ,  1979,
u n p u b l i sh e d .
Te66 J .  T e s to n i  G L.C. Gomes, N u c l .P h y s .  89 (1966) ,  288.
Th77 A.W. Thomas, i n  " P ro c e e d in g s  o f  th e  2nd I n t .  Conf. on
th e  N ucleon-N ucleon  I n t e r a c t i o n " ,  V ancouver,
June 2 7 th - J u I y  1 s t ,  1977.
To79 J .A . T o s te v in ,  Ph .D . t h e s i s .  U n i v e r s i t y  o f  S u rre y ,  1979,
u n p u b l ish e d .  ■ .
To80 J .A . T o s te v in ,  M.H. Lopes § E.G. Johnson , in  " P ro c eed in g s
o f  t h e  5 th  I n t .  Conf. on P o l a r i z a t i o n  Phenomena i n  N u c lea r  
P h y s ic s " ,  e d s .  G.G. O hlsen  e t  a i . ,  Santa. Fe', 1980, p . 750.
To83 J .A . T o s te v in  G B.C. Johnson ,
P h y s ic s  L e t t e r s  124B (1 9 8 3 ) ,  135.
Wa58 S. W atanabe, N u c l .P h y s .  8  ( l 9 5 8 ) ,  484.
-108 -
Ve80 V.-K. V e n d le r ,  A. L in d n e r  GB. A nders, 
N u c l.P h y s .  A349 (1 9 8 0 ) ,  365»
